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Abstract—Discontinuous reference signals reduce the
performances of feedback control systems. This paper
proposes an algorithm which generates smooth and syn-
chronous set-points for electromechanical systems, start-
ing from rough input signals. This result is achieved by
filtering the discontinuous signals through a set of non-
linear filters whose output is given by smooth profiles
subject to velocity and acceleration constraints. The refer-
ence synchronization is obtained by acting on the velocity
bounds and can be customized to accomplish alternative
tasks. In this work, for example, it is used to reduce friction
power losses which affect electromechanical systems. The
proposed algorithm is extremely compact and efficient, so
that it can be implemented on control boards having limited
memory and limited computational capabilities.

Index Terms—Energy saving, Motion control, Synchro-
nization, Tracking filters.

I. INTRODUCTION

MOTION profiles for automatic machines are very com-
monly generated through real-time planners. Indeed,

in many industrial applications reference signals cannot be
planned in advance, being function of events that cannot be
predicted. Early real-time planners were related to single-axis
tasks [1] but, especially in robotic contexts, a number of real
time planners for multi-axis systems [2]–[8] sharing common
characteristics have recently appeared: generated trajectories
are typically minimum-time and fulfill constraints on velocity,
acceleration, and jerk.

Another type of generators have been developed in parallel
with those previously mentioned in order to accomplish a
slightly different task. In several applications, indeed, the refer-
ence signal is generated on-the-fly depending on the evolution
of a master process. Such reference can be non-repetitive
and discontinuous. Discontinuities are known to represent a
problem for actuators, so reference signals must be suitably
smoothed. Fig. 1 shows a typical situation in which a sequence
of discontinuous set-points (dashed lines) is joined by means
of minimum-time trajectories admitting bounded velocities
and accelerations (solid lines). With some adaptations, real-
time planners [2]–[8] could potentially be used to create the
required linking profiles, but when such profiles must be gen-
erated through systems with limited computational capabilities
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Fig. 1. A non-smooth reference signal r (dashed lines) is converted into
a kinematically bounded signal x (solid lines). Dash-dotted lines indicate
the velocity and the acceleration bounds.

like, e.g., microcontrollers for servo motor drives, other light-
weight solutions are typically preferred. In repetitive contexts,
smooth profiles can be planned offline. For example, in [9]–
[11] linking curves were used to reduce system overshoots
or oscillations. When discontinuous reference signals are not
known in advance, the smoothing action is obtained through
real-time methods. To this purpose, several strategies have
been proposed in the literature based, for example, on the use
of FIR filters [12], [13] or on neuro-fuzzy algorithms [14].

A further class of real-time methods is based on the use
of nonlinear feedback filters. The solutions proposed over
the years have sometimes been conceived for continuous-time
environments [15]–[18] or, in other contexts, for discrete-time
applications [19]–[22].

The approaches based on FIR or nonlinear filters have
several advantages. First of all, they are computationally
efficient since filters are based on closed form equations. Sec-
ondly, filters can be implemented through extremely compact
programs. For example, nonlinear filters which generate ac-
celeration bounded profiles can be implemented with, roughly,
twenty lines of C code, while jerk bounded versions, which
allow smoother transients, but admit slightly higher evaluation
times, require less than one hundred lines. Because of these
characteristics, the smoothing filters can be implemented on
control boards with limited computational capabilities like,
e.g., embedded control boards or PLCs. Performances of FIR
filters are generally comparable with those of nonlinear filters,
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but the latter can also manage situations in which the given
reference signals or the bounds change during transients: a
novel trajectory is immediately generated toward the new
reference by accomplishing the new limits. This is possible due
to the use of internal controllers based on sliding mode tech-
niques which, as known [23]–[25], robustly stabilize feedback
systems. If the fact that generated transients are minimum-
time and that reference signals are always reached without
overshoot is taken into consideration, it becomes clear why
this kind of filters has found application in several industrial
or academic contexts [26]–[31].

In this paper, the filter synthesized in [21] is used to solve
the following problem: given a single process involving several
actuators whose reference signals are originally asynchronous
and discontinuous, can they all be smoothed and synchronized
by keeping the system productivity unchanged and improving
the power efficiency? “Synchronized” is used here to indicate
that, in case of transients, all generated smooth signals must
join their corresponding references at the same sample time.
The problem is motivated by a simple consideration: if all
rough set-points refer to the same process, for example the
manipulation of a single object, operations on the same object
can only start after the end of the slowest transient. This
implies that the fastest transients can be slowed down with
no impact on the system productivity. The degrees of freedom
achieved can be used to optimize a given cost index. In
this paper, for example, since power efficiency represents an
important issue [32]–[36], they will be used to reduce the
power losses of an electromechanical system. This result is
obtained by using a set of filters like the ones proposed in [21]
and acting on their velocity bounds according to a strategy that
is characterized by a negligible computational overhead. The
resulting algorithm must indeed be sufficiently efficient and
compact to be implemented on low cost control boards.

The trajectory synchronization technique obviously requires
the a priori knowledge of all transient times, which are
generally unknown in the case of real-time planners. The
efficiency of such planners depends indeed on the fact that they
never evaluate the complete optimal trajectory but, conversely,
they generate it by making the right choices at each sample
time. As a consequence, transient lengths are not known a
priori and this can be limiting in the case of applications
which require knowing in advance when the tracking condition
will be achieved. The transient time estimation algorithm
consequently represents another outcome of this paper. Its
computational burden is comparable with the one of the filter.

The paper novelties can thus be summarized as follows:
• Synthesis of an algorithm for the efficient evaluation of

the transient times of acceleration-constrained, minimum-
time trajectories;

• Synchronization of multiple trajectories by acting on the
velocity constraints;

• Use of the synchronization technique to reduce friction
power losses.

It is worth to point out that the real synchronization of
the actuators can be achieved only if the synchronous planner
proposed in this paper is followed by appropriate closed loop
controllers. Indeed, it must be recalled that, given a cluster

x
-

x
+

U
-

U
+

u
Cr

r

x

Longitudinal
reference

signal
x i+1 = A c x i+ b c u i

x x

Fig. 2. A schematic representation of the nonlinear filter. It converts a
discontinuous reference (r, ṙ) into a continuous signal x whose first and
second time derivatives are constrained between given bounds (ẋ− ≤
ẋ ≤ ẋ+ and U− ≤ ẍ ≤ U+).

of actuators, different tracking errors must be expected for
each of them because of model uncertainties and variable
loads: the controllers’ performance might affect negatively
the planner action. The problem can be solved by adopting
synchronization techniques, acting at the control level, which
guarantee uniform tracking errors. An extensive discussion
on synchronous controllers is beyond the scope of this pa-
per, nevertheless a short overview on some recent advances
is proposed in the following for the reader’s convenience.
The structures of synchronous control schemes for multi-
axis systems largely vary depending on the application con-
sidered. Some of them have a fixed structure [37] and are
model-independent. Others, for example the one proposed
in [38], obtain better performances by exploiting the system
dynamics to synthesize the control loop, while further ones
– see for example [39] – use adaptive techniques for the
synchronization of multi-robot systems. All these aspects have
been simultaneously taken into consideration in [40], where
the proposed controller is adaptive and robust, it accounts for
mutual interferences between axes and, finally, shows optimal
performances even during transients. Interested readers are
addressed to the existing literature for further details.

The paper is organized as follows. Section II briefly recalls
the equations and the main characteristics of the nonlinear
filter proposed in [21], then it analyzes and solves the transient-
time estimation problem. Section III shows how multiple refer-
ence signals can be easily synchronized, by simultaneously re-
ducing friction losses. The algorithm has been experimentally
validated through laboratory tests whose results are discussed
in Section IV. The work conclusions are drawn in Section V.

NOTATION

Operators d·e and b·c evaluate the ceiling and the floor of
their arguments, respectively.

II. EVALUATION OF THE TRANSIENT TIME

The nonlinear filter shown in Fig. 2 represents the core of
the synchronization strategy. It is composed by an algebraic,
variable structure [23], nonlinear controller C which drives a
discrete time system described by the following equation

xi+1 = Ac xi + bcui , (1)

where

Ac =

[
1 T
0 1

]
, bc =

[
T 2

2
T

]
, (2)
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while xi := [xi ẋi]
T is the system state, ui represents the

system input and T the sampling time. It is easy to verify
that (1) and (2) correspond to a chain of two discrete-time
integrators. The filter behavior can be briefly summarized as
follows: output x is a continuous signal that represents the best
approximation of r compatibly with the following velocity and
acceleration constraints

ẋ− ≤ ẋ ≤ ẋ+ , (3)

U− ≤ ẍ ≤ U+ . (4)

Asymmetric bounds ẋ−, ẋ+, U−, and U+ can be freely
assigned and can also be changed at run-time. Tracking
transients of r are always minimum time compatibly with the
constraints.

Let us indicate by ri := [ri ṙi]
T a reference signal given

by steps and ramps like the ones shown in Fig. 1. By first
applying the following transformation

y = x− r , (5)

and, then, the following one

z =

[
1
T 2

1
2T

0 1
T

]
y , (6)

the system equation becomes

zi+1 = Ad zi + bd ui , (7)

with

Ad =

[
1 1
0 1

]
, bd =

[
1
1

]
. (8)

Transformation (5) converts the original tracking problem into
a stability problem: tracking condition x = r is achieved when
y converges toward the origin. Conversely, transformation
(6) is used to eliminate sampling time T from the system
equation. Evidently, because of (6), z = 0 implies that y = 0
and, in turn, that the tracking condition has been achieved.
[21] shows that, by means of a proper controller C – whose
equations are not reported here for conciseness – z can be
forced toward the origin in minimum time by simultaneously
satisfying constraints (3) and (4).

When the controller proposed in [21] is used, state z is
attracted within a Boundary Layer (BL) of amplitude U+−U−

created around a suitable sliding surface σ. Controller C has
been designed so as to guarantee that, from any initial state
z0 := [z10 z20]T , the BL is definitely reached in minimum
time. Then, z is forced to remain within the BL and to slide
toward the origin, still with a minimum-time transient: as
stated earlier, this, in turn, implies that x reaches r in minimum
time. Fig. 3 shows all possible typologies of trajectories in the
z-space. In the same figure, terms z+2 and z−2 are defined as
follows

z+2 :=
ẋ+i − ṙi
T

,

z−2 :=
ẋ−i − ṙi
T

,
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Fig. 3. Possible typologies of transients from generic states in the z-
space. Sliding surface σ is represented by dash-dotted lines, while the
boundary layer is given by the area within the dashed lines.

and respectively represent the upper and lower velocity bounds
converted into the z-space, while z+1 and z−1 are defined as
follows

z+1 = −
(⌊
− z

+
2

U−

⌋
+ 1

)(
z+2 +

⌊
− z

+
2

U−

⌋
U−

2

)
, (9)

z−1 = −
(⌊
− z

−
2

U+

⌋
+ 1

)(
z−2 +

⌊
− z

−
2

U+

⌋
U+

2

)
. (10)

A short analysis of the filter synthesized in [21] is instru-
mental for the following discussion. As anticipated, controller
C is designed so as to guarantee that convergence is always
achieved in minimum time. In order to establish the number of
sample times required for the convergence, all the transients
which may occur must be scrutinized. It will be shown in
the following that transient times can be deterministically
and efficiently determined on the basis of the initial state of
the filter. Without any loss of generality, the discussion will
neglect initial states lying in the grayed area of Fig. 3 but,
for symmetry reasons, the conclusions which are drawn in the
following apply to them too.

If the initial state coincides with za := [z1a z2a]T (see
Fig. 3), i.e., if the state is within the BL and z+1 ≤ z1a ≤ 0,
the system reaches the origin in minimum time after m steps
where

m :=

⌊
1

2
+

√
1

4
+ 2

∣∣∣ z1a
U−

∣∣∣⌋ . (11)

Equation (11) descends directly from the controller equations
(see [21] and its references).

If the initial state is zb := [z1b z
+
2 ]T , i.e., the system velocity

is equal to the admissible maximum, controller C imposes u =
0. By recalling that discrete time systems evolve according to
the following equation

zk = Ak
d z0 +

k∑
i=0

Ak−1
d bd ui , (12)
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where Ad and bd are defined according to (8), with a few
algebraic manipulations it can be asserted that, after k steps
(k ∈ N), the state will assume the following value

zk =

[
z10 + k z+2

z+2

]
, (13)

where z10 = z1b. Practically, this implies that the state slides
along z+2 until it crosses abscissa z+1 after kb samples, where

kb =

⌈
z+1 − z1b
z+2

⌉
(14)

can be easily derived from (13). Consequently, from zb the
origin is reached in kb +m steps.

From any state zc := [z1c z2c]
T located within the BL, i.e.,

such that z1c < z+1 and z+2 − U+ ≤ z2c ≤ z+2 − U−, the
upper velocity limit is always reached with a single step, thus
the convergence toward the origin requires kb +m+ 1 sample
times.

If the initial state coincides with zd := [z1d z2d], where
z1d < z+1 and z2d > z+2 − U−, controller C pushes the
state toward the feasible region in minimum time by imposing
u = U−. Still considering (12), a few manipulations permit
verifying that the system evolves according to the following
equation (z10 = z1d, z20 = z2d, k ∈ N)

zk =

[
z10 + k z20 +

k(k + 1)

2
U−

k U− + z20

]
(15)

until the BL is reached, i.e., as long as condition z2 ≤ z+2 −
U− holds. Equation (15) makes it possible to assert that this
happens after k = kd sample times, where

kd =

⌈
z+2 − z2d − U−

U−

⌉
. (16)

Similarly, from ze := [z1e z2e]
T the BL is reached in

minimum time with u = U+. Equation (12) becomes

zk =

[
z10 + k z20 +

k(k + 1)

2
U+

k U+ + z20

]
, (17)

where z10 = z1e, z20 = z2e, and k ∈ N. In this case, the BL
is reached when z2 ≥ z+2 − U+, i.e., for k = ke, where

ke =

⌈
z+2 − z2e − U+

U+

⌉
. (18)

The last possible case concerns an initial state given by
zf := [z1f z2f ]T . Differently for the last case, the state
enters the BL through a point characterized by z1 ≥ z+1 .
The controller initially imposes u = U+, so that the system
evolves according to (17), with z10 = z1f and z20 = z2f .
After kf steps the state enters the BL, whose lower bound
is a composite curve made of segments whose vertexes have
equation (k̃ ∈ N\0)

zk̃ =

 k̃(k̃ − 1)

2
U−

−(k̃ − 1)U− − U+

 . (19)

The evaluation of kf is slightly more complex, since it requires
establishing the values of k and k̃ for which the two piecewise
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Fig. 4. Problems that could arise due to the approximation of the
trajectory and of the BL with continuous curves: the point corresponding
to dke is outside the actual BL. In this case, the correct value of kf is
bkc, which corresponds to the first point of the trajectory lying inside the
BL.

linear curves (17) and (19) intersect each other. In order to
simplify the evaluation of kf , let us temporarily assume that
k and k̃ are real numbers, i.e., replace both piecewise curves
with a continuous-tangent approximation. It is then possible
to solve equation zk = zk̃, whose terms are derived from
(17) and (19), for k > 0 and k̃ > 0. After a few algebraic
manipulations and by discarding the unfeasible solutions, it
can be verified that the two curves intersect for (z10 = z1f ,
z20 = z2f )

k = −1− z20
U+

+

√
(2U+z10 − U+z20 − z220)(U+ − U−)U−

(U+ − U−)U+
.

(20)
This implies that after kf steps, where

kf = dke , (21)

the state enters the BL. The use of a continuous approximation
for the evaluation of kf , i.e., the approximation of the two
piecewise linear curves with continuous-tangent curves, could
lead to the problem shown in Fig. 4: the point corresponding to
kf is actually outside the BL. For this reason, after kf has been
evaluated, it is always necessary to check if the corresponding
state is actually inside the BL and, if it is not, it is necessary
to pose

kf = bkc . (22)

Once the state is inside the BL, the origin is finally reached in
m steps, where m is given by (11). Summarizing, depending
on the initial state, the number of sample times required to
achieve convergence can be evaluated according to Table I.
The same table also shows the number of elementary oper-
ations (additions, multiplications, etc.) that must be executed
depending on the initial state. Reported data are directly ex-
trapolated from the code used in the experiments of Section IV
and consider worst-case situations, so that actual values are
actually much lower. In conclusion, the procedure proposed
here deterministically allows one to estimate, on the basis of
the current state z, the number of sampling cycles required
to reach the tracking condition. Such information is acquired
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Fig. 5. Transients for the three independent reference signals.

TABLE I
NUMBER OF STEPS REQUIRED TO REACH THE ORIGIN AND MAXIMUM

NUMBER OF ALGEBRAIC OPERATIONS. M STANDS FOR
MULTIPLICATIONS OR DIVISIONS, A INDICATES ADDITIONS OR

SUBTRACTIONS, WHILE S MEANS SQUARE ROOTS. TERMS m, kb , kd ,
ke , AND kf ARE EVALUATED ACCORDING TO (11), (14), (16), (18),

AND (21) OR (22), RESPECTIVELY.

initial state samples algebraic operations
za m 28M + 25A + 3S
zb kb +m 31M + 29A + 3S
zc 1 + kb +m 42M + 40A + 4S
zd kd + 1 + kb +m 48M + 46A + 4S
ze ke + 1 + kb +m 243M + 178A + 4S
zf kf +m 223M + 158A + 3S

through an algorithm whose computational burden is limited
and known.

III. SYNCHRONIZATION OF MULTIPLE REFERENCE
SIGNALS

The algorithm proposed in Section II can be used any
time the transient time of each single filter needs to be
known in advance. The trajectory synchronization technique
proposed in the following represents one possible application
of the above mentioned algorithm. Let us consider several
independent discontinuous references, like the ones shown by
the dashed lines in Fig. 5, which must be smoothly joined and
synchronized by fulfilling, at the same time, the asymmetric
bounds reported in Table II. The given constraints can be easily
fulfilled by using one filter for each reference but, as shown in
Fig. 5, such approach would produce different length transient
times. This conclusion is also confirmed by Table III, which
reports all transient times.

If all signals refer to a single process, the fastest transients
can be slowed down so as to guarantee that the tracking
condition is achieved simultaneously for all filters. This choice
has no impact on the process productivity and the degrees of
freedom acquired can be spent to optimize a given perfor-
mance index. For example, in this paper they will be used

TABLE II
KINEMATIC CONSTRAINTS USED FOR THE GENERATION OF THE THREE

INDEPENDENT REFERENCE SIGNALS.

U− U+ ẋ− ẋ+

signal 1 -25 40 -6 6
signal 2 -20 25 -5 4
signal 3 -30 20 -4 5

TABLE III
TRANSIENT TIMES FOR THE THREE REFERENCE SIGNALS. *

HIGHLIGHTS THE LONGEST TRANSIENTS, WHILE t INDICATES THE
STARTING TIME OF EACH TRANSIENT.

t (s) 0.0 2.0 4.0 5.0 7.0 8.0
signal 1 0.722 0.456 0.349 0.488 – 0.490∗
signal 2 1.040∗ 0.887∗ 0.475 0.430 – 0.452
signal 3 0.922 0.790 0.775∗ 0.845∗ 0.389 –

to improve the energetic efficiency of an electromechanical
system, but alternative choices are also possible. The proposed
approach is based on a simplified strategy in order to limit the
computational load. Potentially better performances could be
obtained through a deeper analysis of the problem, however
the proposed technique, despite its simplicity, covers very
common applicative cases for which a consistent power saving
can be achieved at a negligible computational burden.

Let us consider one of the filters and an initial configuration
like the one shown in Fig. 6, for which ṙ >= 0 and r0 > x0,
where r0 and x0 indicate the initial values of the reference
signal and of the filter output, respectively. In the same figure,
tm indicates the minimum transient time of the current filter
achieved by assuming a velocity upper bound equal to ẋ+, i.e.,
equal to the user defined value, while tM indicates the longest
transient time detected among all the filters, estimated through
the procedure proposed in Section II. By assuming a new upper
bound v̂ < ẋ+, a transient time tf ∈ [tm, tM ] can be obtained:
which is the best choice for v̂ in terms of power efficiency?
In order to answer to this question the actual velocity profile
is approximated in the following by a straight line (see the
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Fig. 6. Typical transient of filter output signal (solid line) toward the
reference signal (dashed line) generated by the power saving strategy
when ṙ ≥ 0 and x0 < r0. The dash-dotted line represents an
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dash-dotted line in Fig. 6) whose slope is ṽ: this practically
implies the elimination of the parabolic blends and the use of
infinite accelerations. This approximation has minimal impact
on the power analysis. The choice of ṽ can be used to modify
the transient time, which ends when r0 + ṙtf = x0 + ṽtf , i.e.,
for

tf =
r0 − x0
ṽ − ṙ

. (23)

Thus, by acting on ṽ, tf ∈ [tm, tM ] can be selected. The
choice of ṽ has evidently an impact on the power losses of a
hypothetical mechanical system. For example, by assuming
that they are mainly caused by viscous friction, which is
actually true in many cases, it is possible to propose a
performance index which depends on the squared value of
the velocity. Practically, energy losses in the interval [0, tM ]
can be assumed proportional to the following index

E =

∫ tM

0

ẋ2(τ)dτ . (24)

Bearing in mind (23), (24) can be posed into the following
form

E =

∫ tf

0

ṽ2dτ +

∫ tM

tf

ṙ2dτ = (ṽ2 − ṙ2) tf + ṙ2tM

= (r0 − x0)(ṽ + ṙ) + ṙ2tM ,

i.e., since r0−x0 > 0, energy losses linearly increase with ṽ.
From this analysis it is possible to evince that power losses

can be reduced by minimizing ṽ or, due to (23), by maximizing
tf , i.e., by imposing tf = tM .

Let us now come back to the actual transient trajectory.
According to Fig. 6, it can be divided into three parts:
the initial and the final ones admit velocities which change
linearly, while in the second one the velocity is constant, so
that it is possible to write

v1(t) = v0 + U+t, t ∈ [0, t1], (25)

v2(t) = v̂, t ∈ [0, t2],

v3(t) = v̂ + U−t, t ∈ [0, t3], (26)

where t1, t2, and t3 represent the three partial transient times.
For t = t1, the velocity must be v1(t1) = v̂, so that from (25)
it can be evinced that

t1 =
v̂ − v0
U+

. (27)

Similarly, for t3, with analogous manipulations, it is possible
to obtain

t3 =
ṙ − v̂
U− , (28)

and, finally, for t2 we have

t2 = tf − t1 − t3 = tf −
v̂ − v0
U+

− ṙ − v̂
U− . (29)

The distance covered for tf = t1 + t2 + t3 can be obtained by
integrating the three velocity functions. Thus, bearing in mind
(27)–(29), it is possible to write

s1 =

∫ t1

0

v1(τ)dτ =
(v0 − v̂)

2

2U+
− (v0 − v̂)v0

U+
,

s2 =

∫ t2

0

v2(τ)dτ =

(
tf +

v0 − v̂
U+

+
v̂ − ṙ
U−

)
v̂,

s3 =

∫ t3

0

v3(τ)dτ =
(v̂ − ṙ)2

2U− − (v̂ − ṙ)v̂
U− .

Consequently the total distance covered at time tf is

sf1 = − (U− − U+)v̂2

2U−U+
+

(U−U+tf + U−v0 − U+ṙ)v̂

U−U+

− U−v20 − U+ṙ2

2U−U+
. (30)

During the same period, the reference signal covers a distance

sf2 = r0 + ṙtf . (31)

Evidently, the two signals intersect in tf if

sf1 = r0 − x0 + sf2 . (32)

By substituting (30) and (31) in (32), by solving the resulting
quadratic equation for v̂, and by discarding the negative
solution (v̂ must be positive), it is possible to obtain the value
of v̂ which guarantees a transient time equal to tf

v̂ =
U−U+tf + U−v0 − U+ṙ + Γ̃

∆U
, (33)

where

Γ̃ :=
√
U−U+[tfU−(tfU+ + 2∆v) + 2 ∆x∆U + ∆v2],

∆U := U− − U+,

∆v := v0 − ṙ,
∆x := x0 − r0.

The transient length which minimizes power losses is finally
obtained by setting tf = tM .

An analogous reasoning shows that for ṙ <= 0 and r0 < x0
the optimal v̂ is given by

v̂ = −U
−U+tf + U+v0 − U−ṙ + Γ̂

∆U
, (34)
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Fig. 7. A typical transient of the filter output signal (solid line) toward the
reference signal (dashed line) generated by the power saving strategy
when ṙ < 0 and r0 > x0.

where

Γ̂ :=
√
U−U+[tfU+(tfU− + 2∆v)− 2 ∆x∆U + ∆v2].

In both cases, the evaluation of the new bound requires
executing 10 additions or subtractions, 15 multiplications or
divisions, and 1 square root.

The solution adopted when ṙ < 0 and r0 > x0 is shown in
Fig. 7. The power saving effect is simply obtained by setting
ẋ+ = 0, since this choice forces the filter to reduce |ẋ|.
Sometimes – like in the example of Fig. 7 – the motor is even
stopped. Evidently, the computational impact of this strategy is
zero. Condition ẋ+ = 0 is maintained as long as the transient
time of the considered filter, which is continuously evaluated
by the algorithm proposed in Section II, coincides with the one
of the slowest transient: at time t = t∗ the original velocity
bound is resumed, so that r is reached without overshoot at
t = tM . The same strategy is adopted when ṙ > 0 and r0 < x0
by imposing ẋ− = 0.

Fig. 8 shows the transients obtained with the synchroniza-
tion strategy proposed. As expected, the velocity upper and
lower bounds become variable in order to guarantee that the
three transients always end simultaneously. It is interesting to

TABLE IV
ENERGY LOSSES QUANTIFIED, FOR EACH ONE OF THE SIX

TRANSIENTS, THROUGH PERFORMANCE INDEX E (M2 S−1). t
INDICATES THE STARTING TIME OF EACH TRANSIENT.

t (s) 0.0 2.0 4.0 5.0 7.0 8.0
Async 47.78 31.88 16.10 20.41 2.13 11.36
Sync 42.12 28.04 12.25 14.85 2.13 10.88

notice that at time t = 7 s the first and the second signals are
not influenced by the transient of the third one and that, in the
same way, transients of the first two references which occur
at t = 8 s do not influence the third one. This behavior is due
to a design choice: once the filter state is inside its BL, i.e.,
if the filter is tracking its reference signal, the bound scaling
algorithm is disabled. This behavior, which can be penalizing
in terms of power efficiency, has been introduced to avoid
useless transients and overshoots, but can easily be removed
so as to give priority to the energy saving strategy.

The energy losses of the six transients, quantified through
index (24), are reported in Table IV. According to the ex-
pectations, viscous friction losses decrease due to the signal
synchronization, as confirmed by the performance index E
which drops from 129.66 m2 s−1 to 110.27 m2 s−1, with a
power saving equal to 14.95%. It must be noted that, according
to the premises, the fifth transient (t = 7.0 s) is not modified,
so that the corresponding power losses do not change.

It is worth highlighting that the given power gain only refers
to losses that are caused by viscous friction during transients.
Lower figures must be clearly expected when considering all
possible losses and by also including the tracking periods in
which, evidently, the two strategies cause the same power
consumptions.

Table V reports a worst-case analysis concerning the overall
computational complexity of the energy-saving strategy. The
number of numerical operations linearly depends on N , i.e.,
on the number of reference signals that must be synchronized.

0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10

0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10

0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10

0
1
2
3
4
5

-6
-4
-2
0
2
4
6

t  (s) t  (s)

t  (s)t  (s)

t  (s) t  (s)

t  (s)

t  (s)

t  (s)

r1

x1

r2

x2

r3

x3

r1

x1

.

.

r2

x2

.

.
r3

x3

.

.

x1

..

x2

..
x3

..

(m
)

(m
)

(m
)

(m
 s

-1
)

(m
 s

-1
)

(m
 s

-1
)

(m
 s

-2
)

(m
 s

-2
)

(m
 s

-2
)

-20

0

20

40

-20

-10

0

10

20

-20
-10

0
10
20

-30

-6
-4
-2
0
2
4
6

-6
-4
-2
0
2
4
6

0
1
2
3
4
5

0
1
2
3
4
5

Fig. 8. Transients obtained through the synchronization of the three smooth references. Notice that, due to the synchronization strategy, velocity
upper bounds continuously change.



(c) 2016 IEEE. Personal use of this material is permitted. Permission from IEEE must be obtained for all other users, including reprinting/ republishing this material for advertising or promotional purposes, creating new
collective works for resale or redistribution to servers or lists, or reuse of any copyrighted components of this work in other works.

IEEE TRANSACTIONS ON INDUSTRIAL ELECTRONICS

TABLE V
WORST-CASE ANALYSIS OF THE COMPUTATIONAL COMPLEXITY OF THE

ENERGY-SAVING ALGORITHM. N INDICATES THE NUMBER OF
REFERENCE SIGNALS SIMULTANEOUSLY PROCESSED.

transient lengths estimation N (243M + 178A + 4S)
bounds scaling (N -1) (15M + 10A + 1S)
filters’ update N (25M + 18A + 1S)

Current probe

Voltage probe

Servos
Raspberry PI

Oscilloscope

Fig. 9. The experimental test bench

Evidently, the most time-consuming part of the strategy is
represented by the algorithm proposed in Section II for the
transient length estimation. However, it is worth to point out
that the worst-case analysis of Table V is based on the worst-
case analysis of Table I: the actual computational burden is
strongly affected by the evolution of the filters’ state, so that
much smaller figures can normally be expected – the total load
is, roughly, just three times larger than the one required for the
filters’ update – and, when the tracking condition is eventually
achieved, hardware resources are only dedicated to the filters’
update.

IV. EXPERIMENTAL RESULTS

As stated in the introduction, the technique proposed has
been conceived for systems with limited computational capa-
bilities. For this reason, the tests reported in the following
were carried out by means of an old generation Raspberry Pi
board model B equipped with a single core ARM processor
running at 700MHz .

The experimental test bench is shown in Fig. 9. It is com-
posed of the Raspberry Pi board which, through a specifically
developed interface “shield”, drives an array of 6 servo-motors.
Each motor is equipped with an internal position controller
whose sample rate is equal to 20 · 10−3 s. The same sample
rate was adopted for the Raspberry Pi board.

The synchronization strategy aims at reducing the viscous
friction losses. The experimental setup does not permit a direct
evaluation of such losses, so efficiency improvements were
estimated indirectly by measuring the electric power consump-
tion of the six motors. This is clearly a limitation since electric
consumptions are also affected by other losses. Just to mention
the most important ones: servo-controller losses, power-bridge
losses, Coulomb-friction losses, and copper losses. In any
case, electric consumptions can give an idea of the efficiency

improvements that can be achieved. They were measured
by means of a LaCie HDC6034 oscilloscope equipped with
current and voltage probes. Such instrument can acquire data
at a sample rate of 40·10−6 s, for a maximum period of 2000 s
(roughly half an hour).

The discontinuous reference signals were directly generated
by the Raspberry Pi board through a planner of random steps
and ramps. Six independent sequences – one for each motor –
were generated. In the same way, six sets of bounds ẋ−, ẋ+,
U−, and U+ were randomly selected, one for each filter. Two
different tests were carried out: the synchronization algorithm
was disabled in the first one and enabled in the second one. In
both experiments the random reference planner was initialized
with the same seed so as to produce the same sequence of
signals and bounds. Fig. 10 shows the initial 10 seconds
of both experiments. It is possible to notice that references
were changed at least every half second, and that also ramp
slopes were randomly selected. In the first experiment the
computational burden was only due to the evaluation of the
6 filters: an average computing time equal to 17.49 · 10−6 s
was measured. By activating the synchronization strategy, the
average computing time raised to 50.42 · 10−6 s: despite the
increment, it is still compatible with the sample rate of the
experiment (20 · 10−3 s).

The measured energy consumption, evaluated on a time
horizon of 2000 s, was equal to 39548 J for the asynchronous
strategy, while it decreased to 38713 J for the synchronous one,
i.e., energy losses reduce by 2.1%. As expected this figure is
smaller than the one given in Section III, but this is normal
since the experimental measure includes all possible power
losses and it also covers the tracking periods, i.e., those in
which the two strategies are energetically indistinguishable.

A further test was then carried out to verify if the syn-
chronization method can also be used for a larger number of
reference signals. In particular, 100 independent and random
set-points were simultaneously managed. Evidently, it was not
possible to drive so many motors, consequently the experimen-
tal results concern the algorithmic efficiency only: still using
the Raspberry Pi board, the average computational time of the
entire algorithm is equal to 548.93 · 10−6 s, i.e., it is still
compatible with the sample rate used.

A conclusive remark concerns the maximum evaluation
times. They have not been reported since they change at each
run of the algorithm: the Raspberry PI board uses a Debian
Wheezy operating system, which is inherently multitasking.
Consequently, although a high priority was assigned to the
planner, the maximum evaluation time changed casually and it
was not correlated to the number of managed signals. Anyway,
in the worst case, the maximum detected computing time was
lower than 2 · 10−3 s, i.e., it was smaller than the process
sample time.

V. CONCLUSIONS

This paper has proposed several novel contributions. First
of all, a transient-time estimation technique has been designed
for trajectories subject to velocity and acceleration constraints.
The considered trajectories start from generic interpolating
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Fig. 10. The first 10 seconds of the two experiments. The discontinuous reference signals of the six motors are represented through dashed lines,
solid lines are used for the filters output. The left figure shows the results corresponding to the experiment in which the filters were not synchronized,
while the right one shows what happens due to the filters synchronization.

conditions and converge toward constant or ramp reference
signals. The efficiency of the proposed technique derives from
the exclusive use of closed-form expressions.

Then, the novel algorithm has been used to synchronize,
through the generation of smooth trajectories, a set of inde-
pendent reference signals. In particular, the synchronization is
achieved by slowing down the fastest transients and by using
the degrees of freedom thus acquired to improve the energetic
efficiency of the system. The energy-saving strategy still uses
closed-form expressions and has a worst-case computational
burden that can be deterministically evaluated: as shown in
the paper, in the worst case it linearly depends on the number
of managed reference signals, but experimental results have
shown that the actual dependence is less than linear. Another
characteristic of the proposed technique is represented by the
code compactness: the entire algorithm can be implemented
with less than 400 lines of C language – the dimension of
the executable file is equal to 70 kB – so that it can run on
low performance control boards. In this paper, the reference
synchronization strategy has been exploited to improve the
power efficiency of a mechatronic system, but alternative
performance indexes can be considered. Still remaining in an
energy saving context, for example, a more accurate model
could be introduced for power losses and more incisive actions
could be taken to further improve the plant efficiency.
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