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In this paper we propose a real-time maneuver generation algorithm for Autonomous Vehicles (AVs).
Given a planar road geometry with static and moving obstacles along it, we are interested in finding
collision-free maneuvers that satisfied the AV's dynamics and subject to physical and comfort limits.
Based on longitudinal and transverse coordinates, we propose a novel collision avoidance constraint and
formulate a suitable maneuver regulation optimal control problem. Maneuver regulation has intrinsic ro-
bustness with respect to standard trajectory tracking that stems from the requirement of following a
desired path with a desired velocity profile assigned on it. The optimization problem is solved by using a
nonlinear optimal control technique that generates (local) optimal trajectories. We demonstrate the effi-
cacy of the proposed algorithm by providing numerical computations on two different scenarios. Finally,

experimental results are presented to demonstrate the efficiency of the proposed algorithm both in terms
of computational effort and dynamic features captured.

© 2023 European Control Association. Published by Elsevier Ltd. All rights reserved.

1. Introduction

Autonomous Vehicles (AVs) have the potential to revolutionize
the transportation sector by improving safety, reducing travel time,
and lowering energy consumption. A critical, safe related, aspect is
the AVs’ ability to avoid dynamic obstacles, such as human-driven
vehicles or pedestrians. To achieve this task, the AV needs to pre-
dict their future intentions (motion forecasting module), generate a
feasible trajectory to avoid them (high-level planning module), and
track or follow the planned trajectory (low-level controller mod-
ule). In this paper, we focus on the generation of feasible trajec-
tories and propose a novel algorithm based on nonlinear optimal
control techniques.

Several approaches have been proposed in the literature to
solve the collision-free trajectory generation problem, see [10] for
a survey. In the last years, optimization-based methods have re-
ceived increasing attention thanks to the availability of efficient
numerical techniques, as, e.g., [1,8,9,18,26], and the possibility to
systematically include vehicle dynamics and suitable constraints
in the formulation. The design of optimal collision-free trajecto-
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ries is challenging mainly because the collision avoidance con-
straint is non-convex and computationally difficult to handle, see,
e.g., [7]. For these reasons, appropriate approximations are intro-
duced. For example, in Turri et al. [24], a linear time-varying con-
straint on the lateral displacement is proposed. In [19], a non-
convex (ellipse-shaped) constraint is taken into account. In [28],
an exact reformulation of the collision avoidance constraint is pro-
posed. However, such a reformulation implies the introduction of
additional optimization variables and constraints. Once the avoid-
ance constraint has been formulated, it can be embedded into (i) a
constrained optimization problem, as in Laneve et al. [17], Spedi-
cato and Notarstefano [23], Zanon et al. [27], or (ii) an appro-
priate unconstrained optimization problem in which the objective
function is augmented with an artificial potential field represent-
ing the distance to the obstacle, see e.g., [15,25]. With the colli-
sion avoidance formulation in hand, a classical approach used in
the literature to design a trajectory is trajectory tracking, aiming
to force the vehicle to reach and track a time-parametrized path.
However, the requirement of tracking a time-parametrized refer-
ence has the following main limitation: poor tracking of the ref-
erence path in presence of external disturbances and unmodeled
dynamics, see, e.g., [21,22]. An alternative approach is maneuver-
regulation, Hauser and Hindman [12], namely, converge and follow
a desired path with the additional requirement to satisfy a veloc-
ity profile along it. We refer to Aguiar et al. [2] for a discussion on
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trajectory tracking and maneuver regulation. In this paper, we take
a maneuver regulation perspective to generate real-time collision-
free trajectories.

The contributions of the paper are as follows. First, we propose
a novel avoidance constraint formulation suitable for the maneuver
regulation approach. Specifically, we rewrite the system dynamics
in terms of longitudinal and transverse coordinates and use the
longitudinal coordinate as the independent variable instead of the
time. Then, we embed the time variable into the problem formula-
tion and propose a new collision avoidance constraint with respect
to the new set of variables. Second, we propose a real-time op-
timal control-based strategy to generate collision-free maneuvers.
The strategy is based on the constrained PRojection Operator New-
ton method for Trajectory Optimization (PRONTO), Aguiar et al. [1].
PRONTO has the advantage of ensuring the recursive feasibility (in
both dynamics and constraints) of intermediate solutions. This is a
fundamental aspect for AVs when generating feasible trajectories.
Indeed, by using PRONTO, one can reliably use sub-optimal inter-
mediate solutions in cases where quick decisions are required for
safe tasks (e.g., collision avoidance maneuvers). This capability is
not available in other solvers, as, e.g., GPOPS II, Patterson and Rao
[18], as both the dynamics and constraints are only loosely satis-
fied until the final solution is reached. We provide numerical com-
putations to show the effectiveness of the proposed algorithm. Fi-
nally, we integrate our algorithm into an autonomous driving stack
developed by Ambarella Inc.,! thus further highlighting that the
proposed algorithm is effective in a real-world scenario.

The approaches most closely related to our problem setup and
constraints formulation are the ones proposed in Rosolia et al. [19],
Spedicato and Notarstefano [23], Zanon et al. [27]. Next, we high-
light the main differences. In [19], a maneuver regulation perspec-
tive is adopted for generating collision-free trajectories. The inde-
pendent variable of the optimization problem is the time and a
suitable approximation (based on Bezier curves) is introduced in
order to describe the road geometry (i.e., centerline of the road,
road boundaries, target velocity). In contrast to the previous ap-
proach, we tackle the optimization problem using the longitudi-
nal coordinate as the independent variable and thus we do not
resort to approximations for the (reformulated) vehicle system.
In [23,27], the model dynamics is described using the curvilinear
coordinate. In order to generate obstacle collision-free trajectory,
the road-boundaries (which are functions of the curvilinear coor-
dinate) are re-shaped by taking into account the obstacles’ posi-
tion and size. However, such a constraint formulation becomes too
conservative when dealing with moving obstacles, mainly because
the time variable is neglected. On the contrary, we embed the time
variable into vehicle dynamics and propose the collision avoidance
constraint with respect to the new set of variables, thus handling
both static and dynamic obstacles.

This paper is organized as follows. In Section 2, we describe
the system dynamics with respect to the new set of coordinates
and formulate the collision-free avoidance constraint. In Section 3,
we describe our real-time strategy to compute collision-free ma-
neuvers. Finally, in Section 4 and Section 5, we provide numerical
computations and an experimental test, highlighting the main fea-
tures of the proposed strategy.

2. Problem formulation

In this section we describe the AV model (from now on, re-
ferred as the ego-vehicle), re-write the system dynamics with re-
spect to the longitudinal and transverse coordinates and formulate
the collision avoidance constraint.

1 https://www.ambarella.com/applications/automotive/
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Fig. 1. Local coordinates around the geometry path. The bold triangle indicates the
ego-vehicle. The solid line indicates the center-line of the lane.

2.1. Ego-vehicle model

In typical urban scenarios, where low acceleration values are
applied, the 2D motion of the ego-vehicle can be described by

X = vcosy

y =vsiny

V= vk,

v =a, (1)

where (x,y) are the longitudinal and lateral coordinates with re-
spect to the inertial frame, ¥ is the heading angle, and v is the
velocity. The control inputs are the curvature « and the accelera-
tion a. For urban scenarios, such a (simple) vehicle model has com-
parable accuracy with a dynamic one, see, e.g., [16].

2.2. Longitudinal and transverse coordinates

We define a new set of coordinates: the longitudinal coordinate
s represents the position along the lane center-line and the lateral
coordinate w denotes the displacement transverse to the center-
line, see Fig. 1. Given the road geometry, we assume that the
path has a reasonably smooth (at least C2) arc-length parametrized
center-line, (X(s), ¥ (s)). The course heading v/ (s) and the cur-
vature ik (s) are related by differentiation:

Ry(s) = cos Y (s)

Ve (s) = sing(s)

Vo (s) = ka(s), (2)
where the bar symbol indicates that the variable is expressed as
a function of the longitudinal coordinate s, and the prime sym-
bol denotes differentiation with respect to s. Using the arc-length
parametrization, the coordinates of the ego-vehicle can be defined
as follows:

bR 7
where

; ~ [cosrq(s) —sin Yy (s)
RZ(WCI () = [Sil'l K&d () cos 1&51 (s) }

is the rotation matrix transforming vectors from the velocity frame
into the inertial frame.

Next, we describe the ego-vehicle position with respect to the
(s, w) coordinates. Following the calculations in Bayer and Hauser
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[4], see also [20], we differentiate (3) with respect to time and, by
using Eqgs. (1) and (2), we have

_ vcosu
- 1- W’ch (S)
W =vsinu
L= VK — i (S)S, (4)

where =y — &C,(s) is the local heading error.

Remark IL1: The inverse of the map (s,w)~ (x,y) is well-
defined if 1 — wi(s) > 0, i.e. when the ego-vehicle position is in-
side a tube around the center-line of the lane.

The nonlinear system (1) with respect to the new sets of coor-
dinates is

VCos i
T 1 wikg(s)
W =vsinu
o= v~ Ra ()3
v=a. (5)

Finally, we rewrite (5) by using the longitudinal coordinates s as
the independent variable. Let us denote with £(s) the inverse of
s(t), which satisfies t(s(t)) = t. Given that s(t) is invertible, a
generic function of time «(t) can be expressed as a function of
s, i.e. a(E(s)). By defining & = «(f), we have «(t) = @(s(t)) and
thus, in our case, it holds the following equivalences:

t = t(s),
v =1(s),

w = w(s),
k = k(s).

By differentiating with respect to time, for example, w = w(s), we
see that w =w/(s)s, so that now variables depend on time only
through s(t). In this way, we can obtain a description of the dy-
namics as function of the longitudinal coordinates. Formally, we
get:

W(s) = (1 —iq(s)w(s)) tan fi(s)
1 —kq(sS)W(s) -

H=f(s),
a=a(s).

A (s) = WK(S) — ke (S)

_, 1 —kq(s)W(s) -

7S = Ty cos i(s) 1

o 1 —kq(s)w(s)

0= S5 s ©

which requires that the ego-vehicle moves with ¥ > 0 and || <
/2. For the sake of notational simplicity, from now on we will
neglect the explicit dependence from s if it is clear from the con-
text. In (6) the state and the control vector are X = [w, fi, ¥, []
and @ = [k, d] respectively. We highlight that we include f into
the dynamics. Such additional state variable will be exploited for
the formulation of the avoidance constraint, as will be shown in
the next subsection.

2.3. Obstacle avoidance formulation

A typical obstacle avoidance constraint formulation consists of
imposing a security distance, d, between the ego-vehicle and the
obstacle, see, e.g., [13]. Such a security distance takes into account
the size of the ego-vehicle and the obstacle, as well as a safety
margin. Specifically, given the coordinate center of the obstacle and
its future predictions, (X,ps(-), Yops(-)), we have that the following
inequality constraint

2 2
(X _fobs) + (y _yobs> >1 (7)
d d

must be satisfied for all times t. In order to include such a
constraint in our maneuver regulation problem, we first re-write
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Fig. 2. Avoidance maneuver scenario. The ego-vehicle (green triangle), the obstacle
(solid blue rectangle) and its predictions (empty blue rectangles) are shown. The
avoidance maneuvers obtained by using (11) and (12) are depicted, respectively, in
dashed red line and solid green line. (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.)

(7) with respect to the (s,w) coordinates. Given the longitudinal
coordinate s of the ego-vehicle, we can express the obstacle posi-
tion as

Xobs kcl I Sobs — S
=|-“[+R , 8
|:yobsi| |:YCIi| Z(wd)[ Wobs i| ( )
where s, and w,s(s) are the longitudinal and lateral coordinates,

respectively, of the obstacle. Next, by subtracting (8) from (3), we
have

X — Xobs I S — Sobs
= R . 9
|:y - yobs:| Z(I/[d) |:W - Wobs] ( )
Substituting (9) in (7), we get the following equivalent formulation
(S—fobs)z_i_(W—l’Vobs)z >1. (10)
d d

By transforming (10) from a t-dependent to s-dependent descrip-
tion, the constraint can be written as

(W)Z >1. (11)
5 >

The avoidance formulation as in (11) captures the case of static
obstacles: at a given curvilinear coordinate s, the relative (lateral)
distance between the ego-vehicle and the obstacle must be greater
than d. However, it is very conservative (or, in some case, it fails)
when dealing with moving obstacles. For example, let us consider
the scenario illustrated in Fig. 2: the ego-vehicle is moving along
a lane (with w =0) and has to avoid a moving obstacle which is
on the right-side of the center-line. By using the avoidance formu-
lation (11), the ego-vehicle will satisfy (if possible) the security
distance d for all s, thus providing a too conservative collision-free
maneuver. This is due to the fact that the formulation (11) does
not take into account the time evolution of the ego-vehicle and
the obstacle. In order to overcome this limitation, we propose a
novel constraint formulation as follows. We start from the follow-
ing (somehow) simple idea: in order to avoid collision with a mov-
ing obstacle, the ego-vehicle and the obstacle must not be at the
same longitudinal coordinate s at the same time instant t. Based
on this idea, we introduce the time variable into (11), as follows:

Eas\ | (W= Woss )
( _~obs> + (W_l/vobs) > ]’ (12)
t d

where £, is the time at which the obstacle is at the longitudinal
coordinates s and f is a temporal safety margin parameter. In Fig. 3
we provide a 3D representation of the proposed avoidance con-
straint. We point out that the inequality constraint (12) is based
on the coordinate center of the obstacle. Such formulation can be
easily extended in order to take into account the obstacle’s size
(i.e., by using the projection of the rear and front axes along the
road geometry). Remark I1.2: It is worth noting that the inequality
constraint (12) is well-defined if unique values of W, and f,,, are
determined for a given s. This is not the case for a static obstacle,
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Fig. 3. Obstacle avoidance constraint representation. The lane, the obstacle and the
ellipse constraint are depicted in gray, blue, and red, respectively. In order to satisfy
the constraint, the AV must be outside the red boundaries. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version
of this article.)

w

because it has the same longitudinal coordinate s for all time val-
ues. For this reason, when dealing with static obstacles, we impose
a sufficient large value for £.

3. Real-time maneuver generation algorithm

In this section, we describe the optimal control-based strategy
used to compute real-time collision-free maneuvers.

First, we define additional constraints. Specifically, the ego-
vehicle is required to satisfy the road boundaries. This constraint
assumes a very simple form with respect to the new set of coordi-
nates, that is,

|W| < Winax - (13)

In order to take into account the operational limits of the kinemat-
ics model and the comfort of the passenger, we impose state and
input constraints on (6) as follows. The velocity is bounded by two
constants, i.e.,

Vmin <V < Vmax - (14)

while the longitudinal acceleration a and the lateral acceleration,
V2, are coupled by the ellipse constraint, [14],

- N/ 2k \?
20— (@max +Gmin) |, (PR (15)
(@max — Gmin) Aty

Moreover, in order to take into account the limited wheel steer
angle, the curvature is bounded in module as follows,

|| < Kmax - (16)

Second, we need to define the cost function to be optimized.
Specifically, we are interested to follow the center-line of the road
with a given velocity profile, v, assigned on it, and, at the same
time, minimize the control effort. Such a behavior can be captured
by minimizing the following cost function,

Jx ) =x-xHTQ ®x-x)+ @-a)" R (@a-a?), (17)

where x¢ = [0, 0, U, 0], il = [k, 0] is the desired maneuver, Q =
diag(q1,q3,q3,q4) are a positive-semidefinite matrix, while R
diag(rq, o) is positive-definite one. Now we are ready to formulate
the optimal control problem:

. S _ )
T /0 J&(7), 4(r)) dt + m(X(sy))

s.t. X' (s) = f(X(s), u(s),s),X(0) =Xg
h(x(s),a(s)) <0, (18)
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where s; > 0 is a fixed horizon, X' = f(X,u,s) describes the non-
linear Eq. (6), h(X,u) are the state/input constraints (12)-(16),
J(x ) is the stage cost as in (17) and m(X(sy)) is the terminal
cost which minimizes the L2 distance between the ego-vehicle
state and the desired end state X(s;). We solve (18) by using
PRONTO, [1]. PRONTO is a direct method for solving continuous-
time optimal control problems. It exhibits a second-order conver-
gence rate to a local minimizer satisfying second-order sufficient
conditions of optimality. Constraints are handled using a barrier
function approach. In particular, the state-input constraints are re-
laxed by adding them to the cost functional. A barrier function can
be defined as

by @) = [ 3 By(—hy((R(r), &(r)))dr,
0
j

where
—logz forz>§
Z) = '
Bs (@) %<z}25_1)_10g5 forz<$

Using the barrier function g, the problem (18) becomes:

min /Sf]()_((f),l_l(f))+€b5()_(('[),l_l(l'))df
X, 0
s.t. X' (s) = f(x(s),u(s),s),x(0) = Xo, (19)

for € > 0.

The strategy to find an approximated solution to (18) can be
summarized as follows. Starting with a reasonable large € and 4,
Problem (19) is iteratively solved by reducing the parameters at
each iteration and thus pushing the trajectory toward the con-
straint boundaries. PRONTO, being a Newton descent method, can
only guarantee convergence to a local minimum. We choose the
initial guess as follows. Given the reference state-input desired ref-
erence, (X, ﬁ)d, which is not a maneuver (it does not satisfy the
dynamics), we use the projection operator [11] to project the state-
input desired reference into the feasible maneuvers manifold to
obtain a suitable initial guess. Now, with an initial maneuver for
the initialization and a desired reference, the algorithm iterates the
following step: i) compute the optimal collision-free maneuver by
using PRONTO, ii) use the previous optimal maneuver as the initial
guess for the next step, iii) update the constraints parameters, €
and B, iv) solve (19) with an updated barrier function. Algorithm 1

Algorithm 1 Real-time collision-free maneuver generation.

Input: road geometry (X, Y, 1/_/d, Kty Ve
bounds (Wmax, VX, Kmax, Gmax, Qiggnay )s
obstacles data (Xypg(t), Yops (t))
Initialization:

e compute Xq (i.e., project (x,y, ¥ )o wrt the road geometry)

« setup dynamics X' = f(X, @, s), X(0) = Xg

o compute (Wop, tops) (i.€., Project (Xops, Yops) W.L.t the road ge-
ometry)

e setup constraints h(X, @) with bounds and Wy, o,

« desired maneuverx‘ = [0, 0, Vg, 0], al = [k, 0]

Set: e =1,6=1
fork=1,2,...do
compute: (X, ), = PRONTO((X,@);_q,€,9)
update €,65: € < €/6,8 < §/6
end for
Output: (X, @)y = (X, 1)

gives a pseudocode description of the real-time maneuver genera-
tion strategy. We want to stress that PRONTO ensures the recursive
dynamics and constraints feasibility of intermediate solutions. As a
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result, our algorithm can reliably use sub-optimal (intermediate)
solutions in cases of overhead computations.

4. Numerical computations

In this section, we present numerical computations in order to
show the effectiveness of both the proposed avoidance formulation
and the proposed algorithm. We start our analysis with the follow-
ing scenario: the AV is traveling along a straight path and an obsta-
cle is moving with a low velocity on the right side of the lane. We
refer to this scenario as the lateral dynamic avoidance case. Then,
we consider the longitudinal dynamic avoidance case: a moving ob-
stacle cuts-off the ego-vehicle’s path. For both the scenarios, the
dynamic obstacles are moving with constant velocity and their fu-
ture positions are known (by simple integrating the velocity). We
set the constraints parameters based on [16] and on driving ex-
perience, Wmax = 1.25 m, Vppj, = 0.1 m/s, Vmax = 19.4 m/s, apin =
-1.5 m/s?, dmax =1 mM/s?, kmax =02 m~1, ay, =20 m/s?,
tsafety =3 S» Gsgfery = 2.5 m. We use a planning horizon of 100 m
and a space discretization of 1 m.

4.1. Lateral dynamic avoidance maneuver

In the first scenario, the ego-vehicle is traveling with vy =
50 km/h (13.88 my/s) along a straight lane and has to avoid an
obstacle moving on the same lane with a constant velocity of
20 km/h (about 5.55 my/s). After a trial and error process, we
choose the following cost for the cost function: g = 0.1, ¢; = 0.1,
q3 =1.0, g4 = 0.0, r; = 100.0 and, r, = 0.1. The optimal maneuver
is shown in Figs. 4 and 5.

Next we highlight some important features of the computed
maneuver. Specifically, we identify three phases. First, at the be-
ginning, the ego-vehicle is following the reference path: the lateral
displacement w is zero (Fig. 4(a)), and the velocity v is equal to the
reference one (Fig. 4(a)). Second, the ego-vehicle executes a very
smooth avoidance maneuver by applying first a negative curva-
ture, Fig. 4(c), thus moving toward the left boundaries of the lane,
Fig. 4(b), to avoid the obstacle. Note that the avoidance constraint,
see Fig. 4(d), is active at about s =42 m which is the curvilinear
coordinate where the ego-vehicle comes alongside the obstacle, as
depicted in Fig. 5. Third, once the ego-vehicle overtakes the ob-
stacle, it goes back in following the center-line. It is interesting to
note that the projection of the initial guess is infeasible for the
avoidance constraint. Nevertheless, intermediate trajectories are all
feasible, see dashed black lines in Fig. 4.
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Fig. 4. Lateral avoidance scenario. The intermediate (dashed black lines) and opti-
mal maneuvers (solid green line) are shown. The desired maneuver is depicted in
dash-dotted blue line, while constraints are in dashed red line. (For interpretation
of the references to color in this figure legend, the reader is referred to the web
version of this article.)

4.2. Longitudinal dynamic avoidance maneuver

In the second scenario, a moving obstacle cuts off the ego-
vehicle’s path. Specifically, the ego-vehicle is traveling along a
straight path with vy = 13.9 m/s (similarly in Fig. 5), the moving
obstacle pulls out from the right-side of the path, at the longitudi-
nal coordinate of s =40 m and at v,,; = 2.8 m/s. The cost function
weights (17) penalize deviation from center-line more than devi-
ation to reference velocity: q; = 10.0, g, = 10.0, g3 = 0.1, g4 = 0.0,
ry = 100.0 and, r, = 0.1. The optimal generated maneuver is de-
picted in Fig. 6.

At beginning of the maneuver, the ego-vehicle applies the min-
imum longitudinal acceleration, Fig. 6(c), in order to decrease its
velocity, Fig. 6(b), and thus to let the obstacle pass. At about s =
40 m, the avoidance constraint becomes active, Fig. 6(d), and the

® > > 5 5 5 5 5 5

= DU e— e e —_—
é 0 F NN d D e — ')
=

50 60 70 80 90

x [m)

Fig. 5. Avoidance maneuver. The ego-vehicle (bold green triangle) and the obstacle (blue rectangle) are shown. The ego-vehicle and the obstacle trajectories are indicated
with solid triangular green line and solid triangular blue line, respectively. (For interpretation of the references to color in this figure legend, the reader is referred to the

web version of this article.)
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v [m‘/ s]

(c) (d

Fig. 6. Longitudinal avoidance scenario. The intermediate (dashed black lines) and
optimal maneuvers (solid green line) are shown. The desired maneuver is depicted
in dash-dotted blue line, while constraints are in dashed red line. (For interpretation
of the references to color in this figure legend, the reader is referred to the web
version of this article.)

ego-vehicle applies the maximum acceleration to reach the desired
velocity. The lateral displacement, Fig. 6(a), is zero, as we expect
for the longitudinal avoidance maneuver. Furthermore, we point
out that only the initial trajectory is infeasible, see Fig. 6(d). Fi-
nally, we highlight that, by using the avoidance constraint (11) in-
stead of (12), the optimal control problem has no (feasible) solu-
tion, thus confirming the importance of the proposed avoidance
constraint formulation.

5. Experimental results

The proposed algorithm has been validated on a self-driving ve-
hicle developed by VisLab. The experimental test has been carried
out in Parma, Italy, on the campus area (urban roads) open to reg-
ular traffic. The main objective of the test is to demonstrate the
efficacy of the proposed algorithm in generating real-time feasi-
ble maneuvers. We invite the reader to watch the video? attach-
ment corresponding to the discussed test. Specifically, we embed
our real-time maneuver generation algorithm into the planning
module of the Autonomous Driving stack developed by Vislab. It
is worth noting that the obstacles’ predictions are provided by a
motion forecasting module: at each time instant, the actual and
the future obstacles’ positions are given. For more details on the
architecture of the autonomous vehicle system, we refer the in-
terested reader to Broggi et al. [5,6]. The proposed algorithm has
been implemented in c++ (in order to integrate the differential
equations required by PRONTO, we use integrators based on boost
odeint, Ahnert and Mulansky [3]), and it is applied in a receding
horizon fashion during the experimental test. We use a fixed space
horizon of 100 m, a space discretization of 1 m, and a replanning
every 100 ms. The generated (optimal) collision-free maneuvers

2 https://youtu.be/x1glAcRP1TM
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are used as reference trajectories for the low-level controller. In
Fig. 7, we compare the actual lateral displacement, yaw-rate, and
velocity of the actual ego-vehicle and the ones generated by our al-
gorithm at the actual longitudinal coordinate s [m]. Next, we high-
light three maneuvers generated by the proposed algorithm and
successfully executed by the ego-vehicle.

First, at the beginning of the test, the ego-vehicle starts with
zero velocity and accelerates smoothly (i.e., the acceleration con-
straint (15) is not active) in order to reach the desired velocity of
13.9 m/s. Along the straight lane, a bicycle (coming from a side
road) crosses the road and starts riding on the right-side of the
lane. As soon as the bicycle is detected, the ego-vehicle first de-
creases its velocity, then moves on the left side of the lane (thus
avoiding the moving bicycle), and finally merge back to its own
lane. It is worth noting that, during this dynamic avoidance ma-
neuver, the constraint (12) is always satisfied, and the executed
maneuver is very smooth as shown in the first highlighted sec-
tion of Fig. 7. Second, after about 300 m, a static car parked along
the right side of the lane is detected. As expected, the ego-vehicle
avoids the static car in a smooth fashion as shown in the second
highlighted section of Fig. 7. Again, the safety distance imposed by
the avoidance constraints is satisfied and the ego-vehicle’s veloc-
ity matches the one generated by the algorithm. Third, in the last
highlighted section of Fig. 7, the ego-vehicle needs to avoid six
parked cars and a pedestrian. Similarly to the previous case, the
ego-vehicle successfully avoid the obstacles by tracking the gener-
ated maneuver.

Overall, we observe a good trajectory matching, even though
some differences can be noticed. First, when the vehicle is driving
in the roundabout (thus making a U-turn, refer to the video attach-
ment), the ego-vehicle’s position slightly deviates from the gener-
ated path, see Fig. 7(a) at about s = 1100 m, and the actual yaw-
rate differs from the generate one, see Fig. 7(b). Since the low-level
controller (which is out of the scope of this paper) is designed
in order to penalize maneuvers close to the lane boundaries, the
actual lateral displacement becomes lower than the reference one
and the actual yaw rate becomes greater than the reference one
(notice that the velocity is well-matched in this segment of the
road). Similar behavior can be observed when the ego vehicle is
executing a 90-degree turn (see Fig. 7 at about s = 330 m). Second,
we observe that the actual velocity does not perfectly match the
generated one in steady-state, see Fig. 7(c) for v = 13.9 m/s. Based
on the generated velocity and acceleration profiles, the low-level
controller generates the throttle (or braking) commands. However,
it does not take into account aerodynamic and resistance forces
and, consequently, the actual velocity becomes slightly lower than
the generated one. In both cases, the actual trajectory satisfies the
constraints and well-matches the generated one.

Finally, we provide the CPU time needed for the execution of
the proposed algorithm. Specifically, the average computation time
of the proposed algorithm in the case of no obstacles is 36 ms.
For the avoidance scenarios (i.e., for the three highlighted zones in
Fig. 7) the average computation time is 54 ms. These results con-
firm that the proposed trajectory generation algorithm allows one
to compute feasible collision-free maneuvers with a computation
times below 100 ms, thus enabling a real-time implementation at
10 Hz.

6. Conclusions

In this paper we address the problem of generating feasi-
ble trajectories for autonomous vehicles in presence of obstacles.
We proposed a real-time strategy to compute optimal collision-
free trajectories. In particular, we i) re-write the vehicle dynam-
ics with respect to the transverse coordinates, ii) propose a novel
avoidance constraint formulation and, iii) set up a maneuver
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Fig. 7. Comparison between the reference maneuver (green solid line) generated by the proposed algorithm and actual maneuver of the autonomous vehicle (black dashed
line). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

regulation-based optimal control strategy in the transverse coor-
dinates. We numerically solve the optimal control-based problem
using PRONTO. We prove the effectiveness of the proposed ap-
proach in a simulated scenario and showed that the proposed con-
straint is able to avoid moving obstacles. Moreover, the optimal
maneuvers are used as reference for a low-lever controller of a
real vehicle. The integration of the proposed collision-free maneu-
ver generation strategy on a real vehicle shows the feasibility of
the computed maneuvers even in presence of unmodeled dynamic
effects.
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