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Abstract. In this paper we address the merging problem for Autonomous Vehi-
cles (AVs) in presence of moving obstacles. The AV is required to follow a given
desired path with a nominal (path-dependent) velocity profile, while keeping a
desired safe distance with respect to moving obstacles. By using a new set of
coordinates and a Virtual Target Vehicle (VTV) perspective, we propose a trajec-
tory generation strategy to compute the (local) optimal collision-free trajectory
that best approximates the desired one. In the proposed strategy, we exploit the
extra degree of freedom of the VTV in order to generate a time parametrized
reference, which helps to find the right space-time gap to perform a safe merging
maneuver. We show the efficacy of the proposed strategy through a set of numeri-
cal computations and highlighting the main features of the generated trajectories.

Keywords: Autonomous vehicles - Trajectory optimization - Nonlinear optimal
control

1 Introduction

In the last years, Autonomous Vehicles (AVs) started to run on public roads and a grow-
ing number of transport companies have started to give fully driverless rides to a limited
group of people and at limited hours. This progress has led to scenarios where the inter-
action between the AV and human-driven vehicles must be carefully taken into account.
For example, when approaching a busy intersection, the AV needs to sense the surround-
ing vehicles, predict their future intentions, and find the right space-time gap in order to
pass before, after, or among other vehicles. Such a space-time requirement makes the
analysis and design of the planning strategies particularly challenging.

Many approaches have been proposed in the literature to address this problem on
different road layouts. Starting from the lane change along straight lanes, [1], different
environment complexity can be taken into the problem formulation as the intersec-
tion with turning maneuvers, [2], merging into a roundabout [3]. However, all these
approaches exploit inter-vehicle communications. In order to deal with the partially or
fully disconnected scenarios, in [4], the authors propose a Model Predictive Control
(MPC) scheme for the merging problem in a specific motorway scenario. The longitu-
dinal motion of the merging vehicle is optimized in order to generate smooth accelera-
tion/deceleration profiles, while the motion of the main lane vehicle (i.e., the obstacle
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from the merging vehicle perspective) is used to build a penalty function for collision
avoidance. Recently, the coordination of (fixed-order crossing) AVs at intersections
was investigated in [5]. The proposed algorithm, based on a suitable formulation of
a constrained optimal control problem, handles nonlinear dynamics, economic objec-
tive functions, and scenarios with turning vehicles. The fixed-order crossing and the
collision avoidance are taken into account by introducing conflict zones and ensuring
that each vehicle can occupy each conflict zone in a mutually exclusive fashion. The
inter-vehicles communication assumption can be relaxed by modeling non-cooperative
agents as uncertain systems and by adding suitable constraints into the optimization
problem, as described in previous works of the same authors, [6] and [7].

In this paper, the merging problem is addressed from a different perspective.
We assume there is no inter-vehicle communication, and we focus on the trajectory
generation of the AV: we propose an optimization-based strategy in order to com-
pute collision-free merging trajectories with the right trade-off between trajectory-
tracking and maneuver-regulation behaviors (see [8—10] for a discussion on these two
approaches). Specifically, given the nominal road geometry, the vehicle kinematics is
initially described in terms of longitudinal and lateral coordinates. Then, based on the
idea detailed in [11], we introduce the use of a Virtual Target Vehicle (VTV) that is
constrained to move along the lane into which the ego vehicle have to merge. Finally,
we set up a constrained optimal control problem in terms of the longitudinal and lat-
eral coordinates and the kinematic position error between the ego vehicle and the VTV.
Moreover, based on the obstacles’ predictions, we enforce suitable kinematic coordi-
nates constraints to generate collision-free trajectories. We highlight that in [11], the
weighting term associated with the VTV’s velocity can be used to “morph” between
trajectory-tracking and maneuver-regulation features. In contrast to the previous app-
roach, in this paper, we embed such a morphing feature into the optimization process
by proposing a suitable cost function.

The rest of the paper is organized as follows. In Sect. 2, we describe the merging
problem, the car model, and introduce the VTV approach. In Sect. 3, we formulate the
optimal control problem. In Sect. 4, we provide numerical computations highlighting
some interesting features captured by the proposed strategy.

2 Problem Formulation

In this section, we introduce the merging scenario, briefly describe the car model, and
define a new set of coordinates.

2.1 The Motivating Scenario

Let us consider the merging scenario represented in Fig. 1. The intersection is composed
of two incoming lanes, called the “ego lane” and the “target lane”, and a crossing zone,
i.e., the merging zone.

The ego vehicle is traveling along the ego lane and is supposed to merge into the
target lane while performing a right turn. Moreover, the ego vehicle must yield the right-
of-way to (human-driven) vehicles traveling along the target lane. From now on, we call
“obstacles” the (human-driven) vehicles.
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Fig. 1. The merging scenario. The ego vehicle is approaching an intersection where it has to yield
the right-of-way to the obstacles. Travel directions are indicated by blue arrows.

We assume that i) the obstacles do not cooperate so that the ego vehicle has to
find the right space-time gap to cross safely the intersection without cutting off any
obstacles, and ii) the actual state (position and velocity) and the future positions of the
obstacles are given (such information is usually provided by a motion forecasting mod-
ule). In such a scenario, we are interested in generating a feasible trajectory for the ego
vehicle that best approximates a desired one with road boundary, collision avoidance,
and input control constraints. It is worth noting that, in a typical hierarchical motion
planner framework, the generated trajectory can be used as a reference trajectory for a
low-level controller.

2.2 Constrained Ego-Vehicle Model

For the sake of presentation, we focus on the case of vehicles moving on a planar road.
The equations of motion are based on the well-known kinematic bicycle model and are
given by

T = vcosy

y =wvsiny

¥ = vk (1)
K= U

v=a

where (x,y) are the longitudinal and lateral coordinates with respect to the inertial
frame, 1) is the heading angle, v is the velocity, and & is the curvature. The control
inputs are the acceleration a and the curvature rate u,. It is worth noting that we con-
sider such a simple vehicle model for the following reasons. First, this model has no
parameters, thus allowing to focus on the trajectory generation approach. Second, for
urban autonomous driving, the kinematic bicycle model has comparable accuracy with a
dynamic one, [12], especially for low acceleration values. For such reasons, we impose
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state and input constraints on (1). In particular, the velocity is bounded by two constants

Umins Umax» 1.€.,
Umin § v S Umazx - (2)

The curvature and its rate are bounded in module as follows,
|:‘<C‘ < Emaz |un‘ < Ukmao 3)

Finally, in order to take into account the passenger comfort, the longitudinal accelera-
tion a and the lateral acceleration, v2k, are coupled by the ellipse constraint, [2],

2 2
<(1 - (amam + amzn)/2> + < Uzli > < 1. (4)

(ama:p - amin>/2 Alatan

2.3 Longitudinal and Transverse Coordinates and Virtual Target Vehicle

Given a geometric path for the ego lane, we define a new set of coordinates based on
the longitudinal and lateral coordinates (s.;, w), see Fig. 2. The longitudinal coordinate
Se; represents the position along the center-line of the ego lane, whereas the lateral
coordinate w denotes the displacement transverse to the center-line. We assume that
the ego lane has a reasonably smooth (at least C?) arc-length parametrized center-line,
(Ter(Ser)s Jei(5e1)). The course heading te;(s¢;) and the curvature &;(s.;) are related
by differentiation:

dfel (sel)

dsel = COs 1/;61 (Sel) )
d7€ € . R
%ﬁ‘il) = siner(ser) 5)
d’&el(sel) _ =
dSez - Hel(sel) .
Using the arc-length parametrization, the coordinates of the ego vehicle can be defined
as follows: )
T Zel(Sel - 0
= |- + R, (Ve (se ’ 6
o] = [pateen] 4 Reatean [ ©
where

"’ _ Cos 1Z)el(sel) —sin wel(sel)
RZ(¢€Z(S€Z)) N l:Sin &el(sel) COs /(Zel(sel) :l
is the rotation matrix transforming vectors from the velocity frame into the inertial
frame.
Next, we describe the ego vehicle position with respect to the (s,;, w) coordinates.
Following the calculations in [13], we differentiate (6) with respect to time and, by
using Egs. (1) and (5), we have

) U COS [k
Sel = 7T—————— >

1 — wkRe(ser)

w =wvsin y, 0

L= vK — Rel(Sel)éel s
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Fig. 2. Local coordinates around the ego and target path. The bold triangle and the empty triangle
indicate the ego vehicle and the VTV, respectively. The solid lines indicate the center-line of the
ego and target lane.

where ;1 = 1) — 1); is the local heading error. It is worth noting that the inverse of the
map (se;,w) — (z,y) is well-defined when the ego vehicle position is inside a tube
around the center-line of the ego lane, i.e., for 1 — wFe;(se;) > 0.

We now introduce the VTV that should be tracked by the ego vehicle when
approaching the target lane. By assuming that also the target lane has a smooth arc-
length parametrized center-line, (Z4;(sy), Ju(se)), we constrain the VIV to move
along the center-line of the target lane, see Fig.2, so that the VTV’s position can be
described by simply integrating its velocity vy, 1.€., Sy = V. For the sake of pre-
sentation, we restrict our attention to the case of straight target lane, as the one depicted
in Fig. 1.

Given the VTV’s position along the target lane, s, we can now describe the ego
vehicle position as follows,

m _ [m(su)} R () H , (®)

Y U (su) y

where e, and e, are the longitudinal and lateral error coordinates, respectively, and
R, (1) is the rotation matrix transforming vectors from the error frame into the inertial
frame. Now, we differentiate (8) with respect to the time ¢ and by using the kinematic
of the ego vehicle (1) we get the expression of ¢, and ¢, as

€r = VCOS €y — Uyt ,

€y = vsiney ,
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where ey, = ¢ — 1y is the heading error. Finally, we re-write the nonlinear system (1)
with respect to the new sets of coordinates as follows,

. V COS [4

Sel = 1 — wRei(Ser)

w = wvsin

o = vk — Rei(Ser)$el

R = U )
v=a

St = Upty

€g = U COS €y — Uty

€y = vsin ey,

where X = [Se;, W, 4, K, V, Sy, €5, €y] and W = [y, a, vy, are the state and control
vectors.

3 Optimal Control Problem Formulation

In order to formulate the optimal control problem, in this section we specify additional
state-input constraints and define the cost function to be optimized. We start defining
two additional constraints.

First, the ego vehicle is required to satisfy the road boundaries. With respect to the
new set of coordinates, this constraint assumes a very simple form: the lateral displace-
ment w is bounded in module as follows,

|w| < Wiag - (10)

Second, to generate a collision-free trajectory, we impose that, at any time ¢, the ego
vehicle must be at a distance greater than d.j;;si0n from any obstacles. Such a distance
takes into account the safety distance between the ego vehicle and the obstacles, and an
additional distance to model the right-of-way of obstacles (as required in the merging
problem, Sect.2.1). This constraint can be formulated by defining a circle centered at
the obstacle front axes, with radius d..j1;sion- Specifically, given the front axis position
of the i-th obstacle and its future predictions, (x?,.(t),y’,s(t)), we impose that the
constraint!
j 2 ‘ 2 2
(l'(t) - xlobs (t)) + (y(t) - ycl)bs (t)) > dcollision ) (11)

is satisfied for all times ¢. In order to include this constraint in the new proposed for-
mulation, we re-write (11) with respect to the new set of coordinates obtaining the
following equivalent form:

(SEl(t) - sibs (t))z + (’LU - u}st)2 > diollision : (12)

! For sake of presentation, we consider only circular boundary shapes, although other shapes
can be taken into account.
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Now we are ready to define the cost function. We start giving an informal idea of the
proposed strategy, which is based on the following two observations. First, when the
ego vehicle is far away from the merging zone, we are interested to follow a desired
path (i.e., the center-line of the ego lane) with a desired velocity assigned to it (i.e., a
space-varying velocity). Such a behavior can be captured by minimizing the following
cost,

Ja(X(t)) = @’ + qap® + g3k + qa(v — v%(s01))?

where q1, 92,493,914 > 0.

Second, when the ego vehicle is approaching the merging zone, we are interested
to track a time parameterized path (i.e., the center-line of the target lane) defined by
a desired velocity v%(sy;). Here, we employ a quadratic cost term with respect to the
kinematic position error between the ego vehicle and the VTV, and the velocity of the
VTV with respect to the desired one

Ju(x(t),u(t)) = gse2 + %6@2, + 71 (Voto — Vi (521))?

where g5, 96 > 0,and r; > 0.
We define the cost function as a convex combination of the previous function terms
and an additional quadratic term in order to take into account the control effort:

J(x(t),u(t)) = (1 — a)Ja(x(t)) + ady(x(t)) + roui + r3a?, (13)

where a € [0, 1] is a switch cost function based on the distance between the ego vehicle
and the VTV. In particular, we use a sigmoid function «(e,, e,) = L

1+exp(1 /e2+e? —’y) ’

where + is a given parameter that specifies the distance from the merging zone.
We are ready to formulate the optimal control problem as follows

x(%{%%,) /O J(x(7),u(r)) dr + m(x(ty))

st X(t) = F(x(t),u(t)) , x(0) = %o
h(x(t),u(t)) <0

(14)

where ty > 0 is fixed, x(t) = f(x(¢),u(t)) describes the nonlinear equations (9),
h(x(t),u(t)) are the state/input constraints (2), (3), (4), (10), (12) and m(x(¢)) is the
Mayer term (a quadratic cost term). We highlight that the obstacle avoidance collision
constraint (12) makes the optimization problem nonconvex and computationally chal-
lenging. In particular, we solve (14) by using the ACADO toolkit, [14]. The multiple-
shooting discretization is employed with a Runge-Kutta integrator of order 4 and a
sampling time of 0.2 s. The underlying Quadratic Programs (QP) are condensed and
solved using an online active set strategy implemented in the software qpOASES, [15].

4 Numerical Computations

In this section we provide numerical computations showing the effectiveness of the pro-
posed approach. We start with a relatively simple scenario: the ego vehicle is traveling
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along the ego lane and is approaching the target lane, where an obstacle is moving.
Then, as a more challenging scenario, we increase the number of obstacles. The ego
lane is modeled as a 90° right turn with a radius of 20 m. The space-varying desired
velocity is equal to 7.2 m/s along the two straight sections and 5.2 m/s along the turn.
The desired VTV velocity is constant along the entire target lane and equal to 7.2 m/s.
The constraints parameters are based on [12] and on driving experience: v, = 0 m/s,
Umaz = 10 m/s, amin, = —1.5 m/s2, Omaz = 1 m/sz, Alat, . = 2 m/sQ,
Fmaz = 0.2 M7, Wee = 1.5 m and deopision = 10 m. We use a planning hori-
zon of 20 s which allows the ego vehicle to perform a merging maneuver for the entire
set of numerical computations. We encourage the reader to refer to the video attachment
related to the 2D plane trajectories of the numerical computations presented below, [16].

4.1 Merging with One Obstacle

The ego vehicle initial position is (zg, yo) = (0, 0), with heading 1) = 0, and velocity
vp = 26 km/h (i.e., almost 7.2 m/s). The obstacle is in position (z°%*(0), y°**(0) =
(35,—10) and is traveling along the target lane with a constant velocity of v°%* =
10 km/h (2.78 m/s). We solve the optimization problem (14) by setting the following
weighting cost terms (obtained after a trial and error process combined with our experi-
ence in the nonlinear system (9)): ¢ = 5.0, g2 = 0.1, g3 = 0.5, g4 = 10.0, g5 = 0.01,
gs = 0.01, 71 = 0.01, o = 1.0, and r3 = 0.1. The optimal trajectory is shown in
Fig. 3. Next, we analyze some interesting features of the generated trajectory. At first
glance, we can identify a “pass after” behavior. Basically, the ego vehicle decelerates,
thus giving the way to the obstacle (see Fig. 3f). In the generated optimal trajectory, we
can identify three phases. First, at the beginning, the ego vehicle is far away from the
merging area and the cost J,; is minimized: the ego vehicle is following the center-line
(the lateral displacement is almost zero), and decreases its velocity to face the right turn.
Second, at about ¢ = 5 s, the ego vehicle is close to the VTV and the cost J;; is mini-
mized: the ego vehicle applies a positive curvature and moves toward the outside edge
of the right-turn to minimize the kinematic error with respect to the VTV. Moreover,
a stronger deceleration is applied (satisfying the ellipse constraint, see Fig.3e), thus
giving the way to the obstacle. Finally, we analyze the (local) optimal VTV velocity
profile, see Fig. 3d. In the beginning, the VTV has zero velocity, which means that the
VTV is “waiting” the ego vehicle while is traveling along the ego lane. As the ego vehi-
cle approaches the target lane, the VTV accelerates and its velocity reaches the value of
2.78 m/s, which is exactly the velocity of the obstacle. Consequently, the ego vehicle
“tracks” the VTV position, because the J;; is minimized.

It is interesting to investigate how the initial obstacle position affects the generated
trajectory. We set (2°%%(0),5°%*(0) = (35, —15) and solve the optimization problem.
The optimal trajectory is shown in Fig. 4. In the beginning, the ego vehicle follows the
ego lane path with the desired velocity. When approaching the target lane, the optimizer
finds enough time-space gap to perform a “pass before” the obstacle. The VTV velocity
increases with a sharp acceleration, and the ego vehicle starts to track the VTV: first, it
moves toward the inside edge of the turn (the so-called apex point is almost reached) in
order to minimize the curvature and satisfy the acceleration constraint and, second, it
accelerates in a smooth fashion.
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Fig. 3. Merging with one obstacle: pass after behavior. The optimal (green solid line), the desired
(blue dash-dot line) trajectories, and constraints (red dash lines) are shown. Obstacle initial posi-
tion (z°%(0),y°%*(0)) = (35, —10).

Lateral Di:

VTV velocity

0 5 10 15 20
Time [s]

(d)

k [1/m]

afmis 2]

25

Curvature
03
02
01
0
0.1
02
03
o 5 10 15 20
Time [s]
, Acceleration Ellipse
15
1 Lo
05 < g
/ "y
o ; ’_...._—- \
| { R
05 \ A .
4 tee
15 e
2

2
a, Ims?)

(©

Longitudinal Velocity

v [mis]

[ 5 10 15 20
Time [s]

(©

Safety Distance

1
Time [s]

¢

Fig.4. Merging with one obstacle: pass before behavior. The optimal (green solid line), the
desired (blue dash-dot line) trajectories, and constraints (red dash line) are shown. Obstacle initial
position (z°%*(0),3°*(0)) = (35, —15).
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4.2 Merging into Traffic

We consider four obstacles traveling along the target lane to simulate a
more challenging scenario. The obstacles are located at (z$%%(0),y$%*(0)) =
(35,5), (25°°(0),558°(0)) = (35,—13), (28°°(0),55"*(0)) (35,—29) and
(23°2(0), y5**(0)) = (35, —51) and are moving along the target lane with a velocity
of 3.3 m/s (12 km/h). The initial position, orientation and velocity of the ego vehicle
are (z,y) = (0,0), v = 0 and vg = 26 km/h(7.2 m/s), respectively. The optimal
trajectory is shown in Fig. 5. The ego vehicle starts the maneuver by following the ego
lane reference velocity, see Fig.5c, for ¢ € [0,2] s. At about 3 s, the ego vehicle is
approaching the target lane, and the .Jy; is minimized. Indeed, we highlight that: i) the
ego vehicle decelerates to stop before the intersection (so that the collision avoidance
is always satisfied), ii) slightly moves toward the inner edge of the right turn to gain
the best position for the merging, and iii) the VTV moves towards to minimize the
kinematic error (mainly because the projection of the ego vehicle to the target lane cor-
responds to a point which is slightly moving forward). In fact, there is no space-time
gap to perform a merging maneuver. Now, while the obstaclel has already crossed the
intersection zone, the vehicle has performed a full stop, thus giving the way to obstacle2
and obstacle3 (see Fig. 5f). At about ¢ = 10 s, the right space-time gap is found: the
VTV accelerates and the ego vehicle starts tracking the VTV position, thus performing
a safe “pass before” obstacle4.
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Fig. 5. Merging with four obstacles: Pass among behavior. The optimal (green solid line), the
desired (blue dash-dot line) trajectories and constraints (red dash line) are shown.
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5 Conclusions

In this paper we proposed a strategy for the trajectory generation of an autonomous
vehicle in a merging scenario with non-cooperative obstacles. The proposed formula-
tion takes the advantage of the use of transverse coordinates and the virtual target vehi-
cle approach to capture interesting dynamics features. In particular, an optimization
strategy based on optimal control problem has been developed to generate a feasible
merging trajectory, and at the same time, guarantees collision avoidance in the presence
of obstacles. We evaluated the proposed strategy in a simulated scenario and showed
that the proposed approach can successfully generate a merging trajectory, allowing the
AV to perform a safe merging even in presence of multiple obstacles. Future work will
focus on i) the extension of the proposed strategy in order to take into account the accu-
racy of the obstacles’ position/velocity, ii) the validation in more complex scenarios
(e.g., multiple lanes).
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