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Minimum-time trajectory planning of mechanical manipulators under dynamic constraints

CORRADO GUARINO LO BIANCO% and AURELIO PIAZZIt*

The paper presents a global optimization approach to the trajectory planning problem of mechanical manipulators. The
purpose is to obtain a minimum-time cubic spline trajectory subject to constraints given by limited joint torques and
torque derivatives taking into account the non-linear manipulator dynamics. It is shown how, without conservativeness,
a semi-infinite optimization problem emerges. Conditions ensuring that the formalized problem admits a solution are
given. The estimated global solution can be actually obtained by means of an hybrid genetic/interval algorithm that
guarantees the feasibility of the found solution. The methodology is illustrated with numerical details for a two-link
planar arm and a PUMA six-link manipulator; for the former, comparisons with an alternative optimization solver are

exposed.

1. Introduction

Optimal trajectory planning for non-redundant
robotic manipulators is a problem dealt with several
different approaches depending on the desired control
goal. For example in many applications the manipulator
has to run along a predefined path (laser cutting, arc
welding, etc.). This is the case proposed by Zlajpah
(1996) where a minimum-time movement over an
assigned path was planned by considering both dynamic
and kinematic requirements. This author uses a para-
meter phase-plane method originally presented by
Bobrow et al. (1985) and Shin and McKay (1985).

In another common situation the manipulator is
only required to cross a given number of via points:
the robot motion, whose corresponding geometric path
is not imposed a priori, is planned by minimizing an
assigned performance index subject to appropriate con-
straints. Also in this case the total travelling time is the
usual cost index. A classical approach to the optimal
manipulator planning is the one proposed by Lin et al.
(1983) where kinematic requirements (i.e. limited joint
velocities, accelerations, and jerks) are converted into
constraints for the resulting minimum-time optimization
problem. A key idea of this approach is the use of cubic
polynomials to optimally interpolate, in the joint space,
the given sequence of knots. In more recent approaches,
dynamic constraints have also been introduced. For
example De Luca ef al. (1991) and Guarino Lo Bianco
and Piazzi (1999, 2001b), still using the cubic spline
scheme of Lin et al. (1983), deal with similar problems
where a minimum-time trajectory is planned including
in the constraints the bounds on the joint torques. In all
the cases a semi-infinite optimization problem has
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resulted. For the former case it is solved with an algo-
rithm for local optimization whereas for the latter a
global optimization technique is applied. The necessity
of limiting the torques arises from the physical limits of
the joint actuators and cannot be neglected in actual
industrial applications.

It is also known that sudden torque variations (i.e.
large torque derivatives) are difficult to track for the
actuator control system and introduce undesired
mechanical solicitations in the manipulator. Hence the
unmodelled dynamics of the manipulator are excited
and this complicates the task of the joint controllers
and increases the vibrations and noise produced. A par-
tial indirect solution to this problem is obtained by limit-
ing the joint jerk. Indeed the amplitude of the torque
derivative mainly depends on the jerk. For this reason
Lin et al. (1983) and Piazzi and Visioli (1998) proposed
to constrain the jerk in their approaches. The common
denominator of the two techniques is again given by the
cubic spline scheme adopted to parameterize the trajec-
tories but they differ for the chosen algorithmic method.
For the latter work, in fact, an interval algorithm guar-
antees that the global minimum-time trajectory is deter-
mined within arbitrarily predefined precision.

This paper extends our previous work (Guarino Lo
Bianco and Piazzi, 1999) pursuing a direct approach to
limit the torque variations. The performance index is the
total travelling time and explicit constraints on the tor-
que and its derivative are taken into account with the
non-linear manipulator dynamics. The resulting pro-
blem is shown to be equivalent, without conservative-
ness, to a non-linear semi-infinite optimization problem.
This can be solved providing an estimated global mini-
mizer by means of a genetic/interval algorithm (Guarino
Lo Bianco and Piazzi, 2001 a, b). A distinguished feature
of this solution and the novelty over other approaches
(for example, local techniques such as sequential quad-
ratic programming, etc.) is the guaranteed feasibility of
the found solution (due to the deterministic interval part
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of the algorithm) and its estimated global quality (due to
the stochastic genetic part of the algorithm; cf. § 3).

In §2 the manipulator minimum-time planning
problem is presented. An alternative formulation to the
joint cubic spline scheme of Lin et al. (1983) is exposed
with admissibility proof (Property 1 and Corollary 1).
The deduced closed-form expression of the torque
derivatives in (14) leads to the formal semi-infinite prob-
lem (15}(17). Conditions for the existence of a feasible
solution to problem (15)-(17) are given and demon-
strated in § 3. The same section shows how to convert it
into an unconstrained minimization problem that can be
solved by the hybrid algorithm previously devised by
the authors. Section 4 applies the proposed approach to
plan minimum-time movements for a two-link planar
arm and a PUMA manipulator with six degrees of
freedom. For the former case, comparisons with an
alternative optimization solver (the Matlab optimizer)
are exposed and the advantages of the pursued ap-
proach are highlighted. The benefits of introducing the
constraint on the torque derivatives are evidenced in
the trajectory planning of the PUMA manipulator.
Concluding remarks are reported in § 5.

1.1. Notation

The set of positive reals is denoted by RT. Vectors
are indicated by means of lower case bold characters
(e.g. q) while matrices are indicated by capital bold char-
acters (e.g. M). Norms of vectors and matrices are
denoted with || -||. The absolute value of a vector of
n elements is defined as |q|:=[|q1] g2 -~ [gal]%s
while the writing |q| < |g| indicates that |g;| < |gil,
i=12,...,n An homo(geneous polynomial is denoted
by a capital letter as in P**)(h) where s designates its total
degree.

2. The cubic spline trajectory planning

We want to plan a minimum-time movement for an
m link manipulator. The manipulator tool frame has to
cross s assigned via points in the cartesian work space.
By solving the inverse kinematics these points can
be converted into equivalent via points of the joint-
space work envelope Q. Let us indicate by q:=
91 ¢2 -+ qm]T € @ c R™ the joint variable vector and
let the manipulator movement be parametrized by cubic
splines. For this class of interpolating functions, Lin
et al. (1983) showed that two more free joint displace-
ments have to been added to the assigned via points in
order to guarantee continuity for velocities and accel-
erations. Let us represent the resulting s + 2 joint via
points by the data vectors (n:=s+ 1)

qi:: [qll qIZ q;n]T’ l=0ylaan (1)

where q1 and q"_1 are the free displacements. In (1) the
generic component g} represents the displacement of
the kth joint at the ith knot. Analogously, the vectors
of the joint velocities and accelerations at the ith
knot are indicated by v :=[ v - vf,,]T and
a':=[d & - d,)" respectively. Let us assume that
vectors v*,v" a’, a” are assigned, i.e. velocities and accel-
erations are given at the first and last knot.

The time required to move the manipulator from the
(i — 1)th via point to the ith one is denoted by ;. The
vector containing all these interval times is indicated
by h:=[h hy --- h,]" € B:=[v,+00)", where v is a
small positive number which is introduced in order to
avoid possible degenerate situations. Thus, the total
travelling time to complete the robot movement is
given by the sum of all the components of h.

The ith cubic polynomial function for the kth joint
displacement is indicated by p}(¢) with ¢ € [0, #,]. Among
all possible parameterization for p(t), the one proposed
by Craig (1989) is chosen because it guarantees the con-
tinuity of positions and velocities over the knots

i i— i— 3 i i— 1 i i—
Pilt) == qx Vet [h—;(Qk — gk 1) —h—(Vk‘f'sz l)] #

i
2 i b -1y | 3
+ h3(¢Ik 9k )'*'P(Vk‘i'vk e,
i i

i=12,....,n, k=1,2,....m, t€][0,h](2)

The continuity of the acceleration is imposed for
each joint through the relations (k = 1,2,...,m)

P(0) =a}
Be(0) = pr(hy)

\

P2(0) = pi " (o)
a/'l == PZ(hn) J

By performing the explicit second-order differentiation
of the spline function pj(z) reported in (2) we obtain
a linear system of n+1 independent equations
(k=1,2,...,m) in the unknowns {vi,vi,..., v} ', qs,
qf'c'l}. The first and the last equality of (3) permit
expressing g and ¢}~ as functions of the sole un-
known v; and ' respectively, according to the
expressions

qi' = (64} — 4hVi —2h V7 + D)6 (5)

By replacing (4) and (5) into the remaining equations of
system (3), we obtain a reduced linear system of order
n — 1 that can be compactly written as

Amx=b (6)
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where x:=[v; v ... v} '|" is the reduced vector of
“the unknowns while A(h) and b exhibit the structures
(see bottom of page)

Note that matrix A(h) is tridiagonal and only
depends on vector h. It is then possible to introduce

and prove the following result.

Property 1:
any h e RY".

System (6) admits an unique solution x for

Proof: The first and the last equations of system (6)
permit writing two biunivocal relations respectively be-
tween v} and v} and between v/~! and v}2

vh = [R2(ahy + 200) + 6hy (@ — &)
— W (hya) + &9) — 2 hyvi] 2(hy + By)?) (7)

Vi = [k (dihy — 20) + 6k, (dk — 4i?)
+ hg(hnaz - 4V2) - 2hn—1hnvz_2]/[2(hn + hn-l)z]
(8)

This allows us to reduce the system order. Indeed, using
expressions (7) and (8) we eliminate the unknowns v
and v{~! from (6) and the equivalent linear system is
obtained

A')x' =b )

where x':= [} vi ... v/ 2]" and (see bottom of next

969

(i=1,2,...,n) (10)

|l > Z |1y

J#
For system (9) the following inequalities hold for
i=23,....n—4
Ahihis + Hoaihig) > 2K 4 hiyo + 2hi s
Vhiyishipy € RT

Moreover, for the first and the last rows of A'(h) we
have respectively

4hy (hs + hy)(hy + hy) ~ 2k3hy > 2hyhy(hy + hy)
Vhl,hz,h::, € R

Ay (hy_y + ) (huy + ) — 2H5 oy
> 2hn—2hn—1(hn—1 + hn) th—Za hn——la hn € IR+

so that we can conclude that matrix A’(h) satisfies the
Hadamard conditions and system (9) has an unique
solution x’ for all h € R*". Finally, by virtue of the
two biunivocal relations (7) and (8), it is possible to
conclude that system (6) also has an unique solution x
forallh e R™. 0

The following corollary is an immediate consequence
of Property 1 and of equations (4) and (5).

Corollary 1:  The linear system (3) admits a unique so-
lution for any h € R*".

page) Matrix A'(h) is tridiagonal of order n — 3. Thus, the
According to the Hadamard criterion, a square solution of the associated linear system (9) can be
matrix L = [};] (i,j =1,2,...,n) is non-singular if found by means of known efficient algorithms based
[ 2(hy + hy)? 2h,h, 0 1
2M3(hy +hy)  A(hoh3 + B3hs)  2h3hs 0
0 . . 0
Ah) = 0 ikt 4kt + hihi) 2h2h;,, 0
0 . . 0
0 2y ok Ahnabin s+ H sk 1) 2K 5(hyy + hy)
i 0 2k, by 2hp + 1) ]
6h1 (qk — g) + M (agh + 20%) — hi(hiay +413)
6k (qk — i) + 6h3(gi — q%) — H3hy (may + 4vy)
b= 6h7e1 gk — g ') + 6k (g — gh)
6l (g — k) + 6hna(dk — g5 77) + Hoahn(aih, — 4V))
L 6halgk — qi7) — i (dkhy — 20}) + p(ih, — 4)
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on triangular decomposition (see, for example, Press
et al. 1992, pp. 50-51). Once the solution x' has
been evaluated, it is possible to determine the re-
maining unknowns of the original system (3) (i.e.
gk, k', vk, i) by applying (7), (8), (4) and (5). For a
discussion on the presented cubic spline trajectory plan-
ning see the equivalent derivation of Sciavicco and
Siciliano (2000).

Obviously, the solution to system (3) depends on h so
that we can write v} := vi(h) and, by virtue of (2), we
can indicate a generic spline as p}(z;h). Hence, the fol-
lowing spline vectorial function can be defined

p'(5:h) := [pi(5;h) ph(s;h) Pin(t;0)]"
t € [0,h], i=1,2,...,n (11)
When friction can be neglected joint torques can be

evaluated by means of the manipulator dynamic equa-
tion (Craig 1989, p. 206)

= M(q)ij + B(9)[qd] + D(9)[4"] + g() (12)

where t€R™ is the vector of generalized torques,
M(q) € R™™ is the inertia matrix, B(q) € Rm>mim=1)/2
is a matrix of Coriolis terms, D(q) € R™ " is a matrix of
centrifugal coefficients, ggt’g is the vector of the gravity
terms, and [qq) € R™™ /2 and [¢*] € R™ are vectors
composed with velocities according to the definitions

Q4] :==[9192 €145 - G1dm G293
G2Gm - dmr)dm]"
and
@ = [@)* (@) (@m)]"

Taking into account (11), the torque vector becomes
a time function parameterized by h, so that we define,

t'(;h) := M(p'(;h)) B (1; ) + B(p' (1)) [§(; h)p' (; h)]
+ D(p' () [p'(5;h)*] + g(p'(1; b))

i=1,...,n, te[0,n] (13)

By virtue of the dynamics equation (12) and using
the derivation rule, reported in the Appendix, for
matrices depending on a vectorial time function, the
derivative of the torque vector can then be expressed as

. T . OB
t=5r (I, ® )i + M(q)§ + a—q(lm(m_l)/z ® 4)[44q]

+ B@)ldd] + B(@)lqd] + ‘?,—2 (I ® D

) .. Og.
+2D(q)d,ag(q)q+a_§q (14)
where
4] :=[did2 G143 - G9m D43
G29m - ii(m—1)¢?m]T
b == [q1d2 @143 - G19m 9293
G2dm Gemeyiim]"

Using the deduced equation (14) and analogously to the
definition given in (13), the torque derivative vector, as it
results from the planning (11), can be redefined as #'(¢; h)
i=1,...,n, t € [0,h;]. Hence, a minimum-time move-
ment under torque and torque derivative constraints
can be planned by solving the following semi-infinite

optimization problem
n
min 2 h; (15)

subject to (i = 1,2,...,n)

congruently with (12) ['(sh)| <a Vi€ [0,h) (16)
[ 4h(hs + o) (s + hy) = 205k, 2hahy(hy + ) ]
A'(h) = 0 by A b + Hiihisa)  2hhig, 0
L 0. 2k, 30,y (/;n—l + hy) dh,_o(hyy + hn—Z)(h;x—l + hy) — 2k _sh, |

b = 6h? o (git! — gb) + 6hE (dk

—K3hy (g + )al — 2K5(2hy + )V + 6K3(qE — qb) + 6ha (B + ho)(qk — ab)

-hi—Zhn(hn + hn—l)az - 2h£—2 (2hn + hn—l)v;lc + 6h§—2 (q;lc - ﬂc_z) + 6hn—l(hn + hn—])(ﬁ_z - q2_3) B

4
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[#(5h)| <B Vi€ [0,k (17)

where a:=[a; oy ... am]T e R™™ is the vector of

the assigned torque bounds  while p:=
B B ... ﬂm]T € R™™ represents the vector of the
torque derivative bounds. The global minimizer of
problem (15) be indicated by h* € B.

3. Solving the semi-infinite optimization problem

A feasibility result that is useful in addressing pro-
blem (15) is proposed with the following property.

Property 2: Under the assumption of v° = v" =0 and
a’ = a" = 0 problem (15) has a solution if
ak>maé([gk(q)| and G, > 0, k=12,...,m
qc€
(18)

Proof: Problem (15) admits a solution if there exists
a feasible point h in the set B, i.e. an admissible point
h that satisfies the semi-infinite inequalities (16) and
(17). Choose a point he B defined as h:=i =
[A A .-+ A]" where X is a positive real parameter. In
the following we will show that A is feasible for a
sufficient large A.
By scrutiny of system (6) we have

P ®)
)= Ger )
(19)

where det [A(l(l)] i6s) a homogeneous polynomial of order

3n—5 and P;;""”(h) is a suitable homogeneous poly-

nomial. Hence, it follows that

Jim (M| =0, i=1,....n—1,  k=12,....m
(20)

From (2), joint velocities, accelerations, and jerks are
givenby i=1,...,n,k=1,2,...,m,and t € [0, ])

g 06 a2 -
A =+ [ = ) - 2 Ok 2
i

1

6 i i— & i i—
I Y DU R CRET)

L 6 ; i 2 i
Pe(h) = [—2 (de — ") — (v + 2v% 1)]
% A

1

12 i i— 6 i j—
+ __3(qk"le)+_2(vk+v;cl t (22)
% %

ws ] 12 i i— 6 i i—
Pe(th) = [—h—g(qk - +ﬁ("k + vk 1)] (23)

i

In the sequel, the joint jerk is simply denoted by pf (h)
because it is independent from time ¢.

By virtue of (20) and above expressions (21), (22)
and (23) for any given £ > 0 there exists A = A(g) > 0
such that i=1,...,n)

IB'(sM)l <e  Vre[0h] (24)
(M)l <e  Vre[oh (25)
1M <e (26)

Taking into account the boundedness, over Q, of
matrices M(q), B(q) and D(q) we have (i=1,...,n
and ¢ € [0, A))

IM(p'(£; 1)) B'(; 1) + B (6 M) [ (1 M)’ (50)]
+ D (M) (52
< M [§ (0] + B 1B (s M0 (6 M)+ D (|6 (5271
(27)

where M, B, and D are the appropriate real positive
bounds for the matrices involved. From (24) and (25)
we obtain

M |50 + B [ (09 (5 M)l + D [|16°(5 1)l

(m—1)

<Mc+B” > g2+ Dmée?

= (M+Bm(%l—le+[_)me) e=:v(e)e (28)

From (27) and (28) this inequality follows
IM(P'(5; 1)) B (%) + B('(5; ) [0 (1; W' (15 1)]
+DE(EMB(EV <) e (29)

By considering definition (13) we deduce (i=1,...,n
and 1 € [0, 4])

[7'(,1)] < elye)

We can write in turn

¥@l" + lg@' M) (30)

v(e) maxgeg |21(q)]
M <e|l [+ : (31)
V(€) MaXgeg [gm(q)]
The hypothesis (18) permits choosing ¢ such that
WeJe < min_ (o, — max lgi(a)l) (32)

Therefore

Y(e)e + L lge(@| <o  k=1,...,m (33)
q

and, from (31), we finally conclude

PN <a  Vee[0,h), i=1,...,n (34)
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The boundedness, over Q, of the jacobians 6M/dq,
OB/dq, 3D/dq, and dg/dq implies the existence of real
constants satisfying, for any q € Q, the inequalities

I
wl<2 [aw]<s

Hence, considering equation (14) and inequalities (24),
(25) and (26) we obtain the following chain of passages
(i=1,...,nand 1 € [0,4)])

< i, Ha—B(q) ] <

(50 < ML, @9 (6 MBI+ MIB ()]
+ BllLngm—1)2 ® B (8 WIN ' (1; 1B (15 )]
+ B[ (5, 1)p' (5 W] + BIl° (5 W' (5 M|
+ D\, ® p' (& I B'(15 1))l
+2D|diag(®'(5; M)IIB'(5; M + 2119 (5 M)l

2
m*(m — l)sm(m— 1)&_2
2 2
-1
=1
+ DmPeme? + 2Dmee + ge =: b(¢)e

< MmPee + Me + B

m(m—1) &2

+B + B

It follows that
£ (5 W)l < 6(e)e (35)

From the hypothesis (18) it is evident that we can choose
¢ such that

b(e)e< nlun Br (36)

-----

Therefore, for any ¢ € [0, 4],

(1) < 8(e) € < By i=1,...,n, k=1,...,m
and finally
[#(0)| <P Vee[0,h), i=1,...,n (37)

Point A is a feasible point of problem (15) if inequalities
(34) and (37) hold simultaneously. This is secured by
simply choosing a sufficient small ¢ that satisfies both
(32) and (36). O

By using a penalty method the semi-infinite optimi-
zation problem (15) can be converted into the uncon-
strained problem

rlflelg{Zh +Z\Zj<p h))+zzm:¢(ok (h)) }

i=1 k=1 i=1 k=1
(38)

where (i=1,2,...,n, k=1,2,...,m)
ok(w) := min (o - [r(5:)) (39)
Gi(h) := min {ﬁk — ()]} (40)
t€[0,h;]

while the penalty function &(s) is defined as

0 if o € [0, +00)
P(o) := { ~(N/T)e ifoe[-T,0) (41)
N if 0 € (—00,-T)

When T — 0+ and N — +oo problem (38) is strictly
equivalent to (15). For finite values of N >0 and
T > 0, monotonically better precisions are obtained
for larger values of N and smaller values of T.

Problem (38) is finally solved by using the hybrid
algorithm developed by the authors Guarino Lo
Bianco and Piazzi (2001 a,b). This is a nested algorithm
whose inner part evaluate the penalty terms ®(o(h))
and &(6%(h)), while the outer part minimizes the overall
cost index (38).

Owing to (39) and (40), the penalty terms have to be
evaluated by means of appropriate optimization rou-
tines. To this purpose, we devised an interval procedure
that can be regarded as a special deterministic algorithm
for global optimization. It is based on a branch-and-
bound technique and uses operators borrowed by inter-
val analysis, i.e. the mathematics of real intervals
(Moore 1979). More details on the applications of inter-
val analysis to algorithms for global optimization can be
found in Hansen (1992), Ratschek and Rokne (1988)
and Jaulin er al. (2001). For the application at hand,
the interval procedure is not precisely aimed at finding
the global minima (39) and (40) but at computing
@(o4(h)) and ®(6;(h)) as a whole. In fact, owing to
the particular structure of &(o), it is not always neces-
sary to find the exact value of ¢ (dk(h) or &(h)). For
example, when the interval procedure that internally
computes improving lower and upper bounds of o (say
I, and u,) detects o € [0, +00) (because /, > 0) then it
can stop the evaluation of ¢ and can immediately give
the correct value of the penalty function (i.e. &(o) =
Hence the interval procedure exploiting this feature can
save in many cases considerable computational time.

Penalty terms, evaluated by the interval procedure,
are then passed to the genetic routine to minimize the
overall cost index. The adopted genetic algorithm is a
variant of the one presented in Menozzi et al. (1996) and
uses standard operators: selection, mutation and cross-
over. It is a partially elitistic algorithm because, at each
generation, the final population is derived by merging a
certain number of individuals drawn from the previous
population with the off-spring obtained by means of
the genetic operators. The first four best individuals of
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the final population are further improved by using a
“local search routine.

The estimated global minimizer h* for the optimiza-
tion problem (38) is given by the individual that strictly
satisfy all the semi-infinite constraints and has the best
fitness over all the iterated generations. For the problem
at hand, this means that the estimated global minimizer
satisfies with certainty all the limits imposed on the joint
torques and torque derivatives.

Problem (15) is a difficult one because the constraints
(16) and (17) are in general non-linear and non-convex
with respect to both arguments ¢ and h and moreover
they are of semi-infinite type, i.e. inequalities must hold
for any value of ¢ in the continuous interval [0, 4;]. In the
pertinent mathematical literature, problem (15) is char-
acterized as a generalized semi-infinite problem (see, for
example, Reemtsen and Ruckmann 1998) and the
known algorithms to solve it can only determine local
solutions. It is worth stressing that when a given h € Bis
offered, checking with certainty its feasibility with
respect to constraints (16) and (17) can be solely ascer-
tained by using a deterministic global approach. This
explains why, in many cases, using popular optimizers
(such as the Matlab optimizer that is based on sequen-
tial quadratic programming) for difficult problems, the
found ‘optimal’ solution is not even feasible (i.e. useless
from a practical standpoint) and to overcome this flaw
many artifices (ad hoc discretizations, smoothings, etc.)
and repeated trials are necessary to hopefully arrive at
an acceptable solution (cf. §4.1). On the contrary, the
new idea developed with the proposed approach com-
bining a stochastic global optimization technique, speci-
fically a genetic algorithm, with a deterministic global
method, an interval procedure, provides an estimated
global solution that is feasible with certainty.

Remark 1: The interval procedure computing the
penalty terms ®(o}(h)) and &(5(h)) uses ‘inclusion
functions’ relative to 7/(r;h) and 7i(#;h) respectively
(see, for example, Ratschek and Rokne (1988) or
Hansen (1992) for the specific concept of inclusion
function). Hence, it is necessary or appropriate the
symbolic computation with respect to the arguments ¢
and h of the torques and their derivatives along each
spline segment. On the practical side, this can be effi-
ciently organized using a recursive code scheme. Start-
ing with the iterative solution of the tridiagonal system
(9) we use slack variables for the spline expression (2)
and its derivatives (21), (22) and (23) and plug them
into the dynamics expressions (12) and (14). To effec-
tively evaluate these expressions we use the recursive
Newton—Euler formulation (see Sciavicco and Siciliano
(2000) that also reports the related computational
complexity analysis) for the torque dynamics and the
extension of this formulation (deduced with an auto-

matic differentiation approach) for the torque deriva-
tive dynamics.

Remark 2: From a computational complexity view-
point, problem (15) is NP-hard and any algorithm
aiming at finding with certainty the exact global solu-
tion with arbitrary prespecified precision (i.e. an over-
all purely deterministic global method) would suffer
the so-called curse of dimensionality. Only really trivial
problems could be solved by such an algorithm and no
significant robotics application, such as those proposed
in §4, could be addressed. As known, Goldberg
(1989), using a genetic algorithm to search on an »-
dimensional space, such as B in our hybrid approach,
alleviates the curse of dimensionality permitting to
obtain good estimates of global minimizers even when
n is relatively large. A complete description of the
proposed genetic/interval algorithm is reported in
Guarino Lo Bianco and Piazzi (2001a). In the same
paper, several semi-infinite test problems are formu-
lated and solved with numerical details.

4. Examples

Two examples are exposed in this section. The first
one concerns a simple two-link planar arm. It has been
mainly proposed to compare the results obtained with
the genetic/interval algorithm with those obtained with a
standard algorithm for semi-infinite optimization. The
second example takes into account an actual manipula-
tor. The dynamics of a Puma 560 manipulator is used to
plan an optimal minimum-time trajectory. The purpose
is to demonstrate that the proposed approach can be
fruitfully used with non-trivial problems.

4.1. A planar two-link robot arm

For a two-link (m = 2) planar arm with revolute
joints, the task is to plan, under given dynamic con-
straints (limited torque and torque derivative), a mini-
mum-time trajectory whose possible path is sketched in
figure 1. More precisely, the distal end of the arm has
to cross some via points (s = 10 and » = 11), given
by their cartesian coordinates (see the first two
columns of table 1). By solving the inverse kinematics
these cartesian via points are converted into the joint
via points reported in the last two columns of table 1.
Note that the second and the penultimate knots have
not been imposed, being associated to the two free
joint displacements. The joint variable vector is
q:=[q qz]T and belongs to the joint-space work
envelope Q := [0, 7/2} x [—m,0]. Under the hypothesis
of masses concentrated at the distal end of each link
the following dynamics equations can be derived
(Craig 1989, p. 204).
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Figure 1.

Schematic representation of the two-link planar
arm.

71 = maly(§y + G2) +myh L cos (42) (241 + §2)

=

— mylil sin (‘12)4'%
— 2myli 1 sin (g2)¢142 + myhg cos (g1 + q2)
+ (my +my)ligcos(q;)

+ (my +my) By

maly by cos (g2)dy + mylily sin (¢2)41
+ myhgcos(qy + qa) + mali (G + Ga)

=100 °=-0.500 =0.0000 ¢>=—1.5708
2 =100 y =-0375 gr =0.1253 ¢35 = —1.6804
¥=100 3 =-0250 g =02517 ¢ =—1.7594
=100 y*=-0125 g =03789 43 =-1.8074
¥ =100 3 =0.000 gi =0.5054 ¢35 =—1.8235
# =105 °=0.100 gt =05837 g5 =—1.7087
¥ =115 3 =0.200 g, =06119 ¢} =—14581
¥=130 y*=0.100 g} =0.4263 g5 = —1.1040
© =130 3’ =0.050 q; =03903 ¢ =-1.1124
*#1=130 ' =0.000 =0352 ¢3! =—1.1152
Table . End effector via points expressed in meters and

equivalent joint via points expressed in radians for the
two-link arm.

where m,; and m, are the links masses, g is the gravity
acceleration, and /;, [, are the links lengths. For the
example at hand the following values have been
adopted: g=9.8m/s>, /; =1.0m, L=05m, m =
15.0kg and m, = 7.0kg. By direct derivation of the
above dynamics equations, the following expressions
for the torque derivatives are obtained

H = myl3 (1 + §) + (my +m) Gy

+molilycos (q) 241 + G2 — ¢ — 24341]
— myl Ly sin (92)[44142 + 241G + 3G242]
— lig(m; + my)sin (g1)4y
— myhygsin (g1 + 92) (41 + 42)

= myB3(G + &) + mall cos (g2)[G1 + §241]
— myhg(q1 + ¢2) sin (@1 + 42)
+ myli b sin (2)[26141 — 4142

The vector of the interval times that parameterlzes
the cubic spllne trajectory is h:=[h hy --- h“] €
= [0.02, 10. 0] (it has been fixed »=0.02s).
Consxder the arm at rest in the initial and final positions
(i.e. VW=vl!=0 a=a''=0) and by virtue of
Property 2, problem (15) admlts a solution 1f o>
[maxgeo {21(@)} maxeeo {&:(@)}]" = [249.9 343]" Nm

Genetic/ Matlab Matlab Matlab

interval n=10 n=>5 n=1
hi 0.14525 0.62483 0.14838 0.14793
hy 0.27951 0.02000 0.27568 0.27765
h; 0.15158 0.17366 0.15686 0.15097
ha 0.13267 0.13859 0.15783 0.12982
b5 0.14022 0.14271 0.21708 0.13686
h 0.12443 0.12536 0.16241 0.12110
h3 0.17323 0.17501 0.19621 0.16223
hg 0.43928 0.44309 0.42958 0.44926
hy 0.10151 0.10670 0.10108 0.10107
10 0.19062 0.19678 0.19138 0.19182
1 0.11185 0.10888 0.10942 0.10934

S H 1.9902 2.2558 2.1459 2.0105
Table 2. Comparison of solutions (in seconds) for the two-

link arm.

and B> [0 0]". Then, a minimum-time _trajectory
planmng is sought by fixing & = [260 50] Nm, and
= [300 200]" Nms~'. The optimization problem is
solved by using two different algorithms: the genetic/
interval algorithm developed by the authors and the
algorithm for semi-infinite optimization provided by
the Matlab Optimization Toolbox (Grace 1994). The
results, given by the estimated minimizers, are reported
in table 2. A single result is proposed for the genetic/
interval algorithm owing to its capability to converge to
an estimated global minimizer (see the first column of
table 2) whereas three different results are shown for the
Matlab algorithm. Indeed, the Matlab algorithm for
semi-infinite optimization, as well as almost all the stan-
dard algorithms, normally converges to local solutions
dependmg on the chosen starting point hy. Defined
=[7n --- 7", the three solutions found by the
Matlab algorithm refer to the following starting points:
n = 10 (the far end of B), n = 5 (the middle point of B)
and n = 1. The total travelling times for the four cases
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0 02 04 06 08 1 12 14 16 1.8 [s]
Figure 2. The ‘optimal’ derivative profile for the first joint of
the two-link arm evaluated by the Matlab Optimiza-
tion Toolbox. The semi-infinite constraint is violated
inside the area evidenced by the circle.
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Figure 3. Estimated optimal torque and torque derivative
profiles found by the genetic/interval algorithm for
the two-link arm.

are reported in the last row of table 2. The total travel-
ling times obtained with =10, n=5 and n =1 are
respectively 13.3%, 7.8% and 1.0% greater than the
corresponding minimum-time obtained by means of
the genetic/interval algorithm. Many tries can be
experimented by running the Matlab optimizer with
other different starting points. For example, when 7 is
chosen too small, such as 7n=0.02, the Matlab
algorithm stops by warning that it is unable to find
feasible solutions.

Some tests have been done to check the actual
feasibility of the solutions. The solution found by the
genetic/interval algorithm is indeed feasible while all the
solutions found by the Matlab algorithm are actually
unfeasible. Sometimes the constraints are only slightly
violated but sometimes a consistent error is detected.
For example, the solution corresponding to =1 (see
figure 2) produces a torque derivative minimum on the
first joint equal to —316.04 Nm/s, i.e. the constraint
violation is equal to a 5.3% excess. What’s going on?
Simply the Matlab algorithm evaluates the semi-infinite
constraint functions on a grid of values chosen over the
time intervals [0,4;], i = 1,2,...,n. The grid thickness is
chosen on the basis of heuristic rules. Hence the feasi-
bility of the minimizer is not guaranteed with certainty
and, on the contrary, the probability to violate the
imposed limits is high when the involved functions are
not continuous. This is the case for the torque derivative
functions.

The optimal torque and torque derivative profiles
evaluated by the genetic/interval algorithm are plotted
in figure 3. These plots makes evident that, at joint 1,
both the torque and torque derivative constraints are
active. The resulting path in Cartesian plane is shown
in figure 4 where the crosses denote the assigned via
points.

0.3

0.2}
01r

ot
0.1}
-0.2 1
03¢
041
-0.5

-0.6

09 1 1.05 1.1 115 1.2 125 13 135

Figure 4. Estimated optimal path in Cartesian space found
by the genetic/interval algorithm.
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¢ = —0.1745 g5 = 0.3491 g5 = 0.2618 g =2.6180 g2 = 0.5236 g2 = 2.0944
¢F =1.0472 g5 = 0.8727 2 =1.7453 g2 = 1.7453 gt = 19199 gt = 1.0472
gi = 0.3491 ¢ = 2.0944 @ = —0.1745 g3 = 0.6981 q: =1.5708 qo = 1.7453
q; = 0.9599 g5 = 0.6109 g3 = 0.5236 q; = 0.1745 g: = 1.2217 gs = 0.4363
Table 3. The given joint via points (in radians) for the PUMA 560 manipulator.
4.2. A six-link Puma 560 manipulator
. . P Joint m x y z
The Puma 560 manipulator is a well known six-link
industrial robot (m = 6). Again we want to plan under 1 — == — —
given dynamic constraints a minimum-time trajectory 2 17.40 0.068 0.006 —-0.016
crossing the through points reported in table 3 3 4.80 0.0 —-0.070 0.014
(s=4 and n=25). The joint variable vector is 4 0.82 0.0 0.0 -0.019
9:=[q1 92 93 94 G5 q6]T and belongs to the joint- 5 0.35 0.0 0.0 0.0
space work envelope Q :=[—m, 7r]6. The reference g AL — IRy Lk
f]‘;ames':lr;laﬁtixet()i UL acs:ordllr\llg U955 mlo;i — Table 5. Link masses (kg) and coordinates of the centers of
enavit-Hartenberg representation. No externa orces gravity (m) for the Puma 560 manipulator.
or torques are acting on the end effector. The manipu-
lator kinematic parameters are obtained from
Armstrong et al. (1986) and listed in table 4. From the
same paper we also derived the dynamic parameters
reported in table 5 (link masses and centers of gravity) Joint I, I, I,
and table 6 (moments of inertia for the links). Owing to
the complexity of the dynamic equations the genetic/ ! — - 0.35
: . 2 0.130 0.524 0.539
interval algorithm evaluates both torques and torques
.. . 3 0.066 0.0125 0.086
derivative by means of a recursive procedure. Torques
1 db f th ve N Eul 4 1.80e—3 1.80e—3 1.30e-3
are eva u'ate y means of t e recursive ewton—Euler 5 0.30¢—3 0.30e—3 0.406—3
formulation and new recursive relations have been 6 0.15e—3 0.15¢—3 0.0de—3

developed for the computation of their derivatives (see
Remark 1 in §3). Moreover, these recursive computa-
tional procedures have been further improved exploiting
the specific PUMA 560 dynamics in a manner similar to
that presented in Corke (1996).

The vector of the interval times that parameterizes
the cubic spline trajectory is

h:=[h hy - hs]" € B:=1[0.02,10.0]
Consider the manipulator at rest in the initial and final
positions (i.e. v =v’ =0; 2’ =2a%>=0). As a conse-
quence, by virtue of Property 2, problem (15) admits a
solution if

Joint ;| Ai—l Di
1 0 0 0
2 —n/2 0 2435
3 0 431.8 —-934
4 /2 ~20.3 433.1
5 —n/2 0 0
6 /2 0 0

Table 4. Kinematic
manipulator (angles are expressed in radians and lengths

in mm),

parameters

for

Puma 560

Table 6. Link moments of inertia (kg m?) for the PUMA 560
manipulator.

a > [max {lg:(@)l} max{lg2(q)[} . max {lgs(@)})"

= [0.000 45.8195 8.5565 0.0283 0.0283 0.000]" Nm

and p>1[0 0 0 0 0 0]". Two cases have been investi-
gated to highlight the effects deriving from the use of the
torque derivative constraints:

(1) a=[44.8 77.6 41.6 8.0 8.0 8.0]" Nm,
B=[o0 o0 00 00 00 oo]T Nms™! (torque con-
straints only);

(2) a=[44.8 77.6 41.6 8.0 8.0 8.0]" Nm,
B =1[200 150 70 10 10 10]" Nms
and torque derivative constraints).

(torque

The torque limits have been chosen by taking into
account the maximum motor performance limits pro-
posed in Corke (1996); more precisely a is 80% of the
limits proposed in that paper. The results, given by the
two estimated global minimizers, are reported in table 7.
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Case 1 Case 2

K, = 0.07551s
K5 = 0.78565s
B =0.32411s
K = 0.25160's
K% = 0.10890's

A} = 0.19520s
i = 0.66491s
;= 0.64081s
;= 0.48053 s
7 = 0.23559s

Table 7. The estimated global minimizer
h* for case 1 and case 2 (PUMA 560
manipulator).

For case 1, the minimum travelling time 1is
S> B} = 1.5458s. The upper plots of figures from 5
to 10 show, at the optimal solution h*, both the torque
and the torque derivative profiles for all the joints. The
constraint on the torque is active for joints 1 and 2: the
torque limit o is reached three times by joint 1 and joint
2 touches «, twice. It is also evident that the torque
variations are probably unacceptably large. The torque
derivative peaks are typically detected at the beginning
or at the end of the trajectory or when the motion

Joint 1
50 T

——— Torque
40t
0 ——— Torque deriv.

30+
0 1500
10 -
g ~
0 0 g
e SN N Z
-10} X
20l -500
-30 -1000
40}
-50 L L 1--1500
0 0.5 1 1.5 [s]
Joint 1
40 3 % T — 200
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301 i ——~ Torque deriv. ] 150
20| P 100
10} P 7 {50
Fo 0 F
= =
-10+ 1-50
20+ : {-100
-30} \ i -s0
405 05 1 15 200
' : (s]
Figure 5. Optimal torque and torque derivative profiles for

the first joint; the upper plots refer to case 1 and the
lower ones to case 2.
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Figure 6. Optimal torque and torque derivative profiles for
the second joint; the upper plots refer to case 1 and the
lower ones to case 2.

direction changes. These large torque derivatives can
be dampened by adding the new constraints of case 2.
The resulting optimal torque and torque derivative
profiles are shown into the lower plots of figures 5-10.
In this case, the torque limit o is never reached but the
derivative constraints are active for both joint 1 and 2.
Overall, the optimal trajectory planning for the case 2
appears better with respect to case 1 because the mod-
erate torque variations reduce the mechanical solicita-
tions on the manipulator and the actuator control
system can more easily track the precomputed torques.
The price to be paid is an increase of the minimum
travelling time: Zle hf = 2.2170s for case 2. In spite
of the complexity of the problem involved (60 semi-infi-
nite constraints are evaluated at each iteration, all of
them composed by long non-linear expressions; cf.
Corke 1996) and the use of a standard personal compu-
ter based on a Pentium III 733 MHz processor, a reason-
able computation time has been necessary to get the
estimated global minimizers: 11h6m for case 1 and
16h 40m for case 2.
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Figure 7. Optimal torque and torque derivative profiles for
the third joint; the upper plots refer to case 1 and the
lower ones to case 2.

5. Conclusions

A new method for the minimum-time planning of
manipulator trajectories has been proposed. The plan-
ning uses cubic splines that guarantee continuity of
velocities and accelerations and exactly interpolate
given via points. An hybrid genetic/interval algorithm
is adopted for solving a resulting global minimum-time
problem that explicitly takes into account the dynamic
constraints arising by limiting the torques and the tor-
que derivatives. Two examples, reported with numerical
details, indicate the advantages deriving from using tra-
jectories with limited joint torque variations and demon-
strate the effectiveness of the proposed global approach
when compared with standard optimization algorithms.
For example, the guaranteed feasibility of the estimated
global solution is a definite advantage of the hybrid
algorithm (cf. §4.1) whereas alternative standard opti-
mizers cannot establish feasibility with certainty. The
proposed method appears particularly suitable for the
trajectory planning of manipulators used in automated

factories.
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: . > 1115
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e Torque deriv. N R
-0.050 0' 5 i 1‘ 5 é -0.25
‘ : (s}
Figure 8. Optimal torque and torque derivative profiles for

the fourth joint; the upper plots refer to case 1 and the
lower ones to case 2.

As a cautionary remark, we may add that the result-
ing minimum-time planning relies on the manipulator
dynamics (12) and this does not comprise various effects
possibly affecting the actual dynamics, such as friction,
actuator dynamics, inaccurate parameters, wear, etc.
Nevertheless, the proposed planning may be very useful
for the torque command control of real manipulators
(Craig 1989, p. 341) especially when it is compared
with trajectory planners that do not even consider to
limit the torque variations. Moreover, the approach
devised in this paper as relying on an efficient hybrid
global optimizer could be extended to deal with a
more accurate modelling of the manipulator dynamics,
for example to address trajectory planning problems
where the mechanical dynamics is tightly coupled with
the actuator dynamics.
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Figure 9. Optimal torque and torque derivative profiles for
the fifth joint; the upper plots refer to case 1 and the
lower ones to case 2.

Appendix
Let be given the vector function x(¢):=
[X1(f) -+ xu(1)]T €R™ and the matrix function

A(x(r)) € RP*? depending on x(¢). Then, the derivation
rule holds

d BA(x(1)) .

3 A === (1, @ X(1)) (42)
where ® indicates the Kronecker product (Brewer 1978)
and I, is an identity matrix of order g. The partial
derivative of matrix A(x) with respect to vector x be
defined as

'BA” 0A1, aAlq-
ox ox ox
aA 3A21 6A22 o 6A2q
A _ | ox ox ox 43
ax - . . ( )
04, 04y 04y,
| Ox ox ox

where

-3 Joint 6
4210 . ;  0.04
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3t 10.
— —— Torque deriv. 0.03
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1t 0.01_
Zo 0§
SN Z.
-1p 1-0.01
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-3t 1,+71-0.03
4 1 L - -0.04
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o 10'3 Joint 6 x 10—3

(Nm/s]
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Figure 10. Optimal torque and torque derivative profiles
for the sixth joint; the upper plots refer to case 1
and the lower ones to case 2.

ox 0x, 0xy  Oxp

04, [04; 04; aA,.,] (a0

Proof: The time derivative of matrix A(x(¢)) can be
explicitly expressed by

S A
S A0x(0) Sant() - S A )]
| A 0) GAn(x() - gAn(x())
S a0 Saatx) o S x|
(45)
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Matrix (45) has order p x ¢ and is composed by scalar
terms. For each of them the time derivative is given by
the relation

d aAi‘
Sy = 2420

04;(x(1))
= jax x(1)

By using (46) it is possible to write (45) in a more com-
pact form. In fact, we have

" 04;(x(1))

510+

(46)

<A

[ 041 (x() . . 9412(x(1)) 041 (x(1)) . ]

x(1) o x(f) --- Tx(z)
[Py Salstiyy . ),
20y 2D gy .. 2Dy
041, (x(1)) 0A 4(x(1))
ox ox
04,1 (x(1)) 04, (x(1))
L ox ox
Fx(r) 0 T
0 x(z) 0
X
0 0 x() 0
| 0 0 X(t)_
= 2D) ;. 6 50 o
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