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Abstract

A nonlinear variable structure (VS) system is presented, suitable for smooth trajectory generation in motion control system. Joined
to a rough reference trajectory generator (step, ramp, etc.) it provides smooth output signals according to user-selectable bounds on
trajectory derivatives. The bounds on output derivatives can be changed during system operation without impairing system stability.
Moreover, minimum time response with guaranteed no overshoot is ensured both in the continuous and discrete-time implementa-
tions. The main contribution of the paper lies in the discrete-time version of the trajectory generator. The performance of the proposed
nonlinear "lters is tested through simulation experiments. Simulation results concerning the use of the discrete "lter in a position
tracking control system are also presented. ( 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Motion Control systems are complex feedback}feed-
forward control systems where the availability of smooth
reference trajectories, with bounded time derivatives, is
a key point to get high dynamics and accurate tracking
performance. Bounds on derivatives of reference trajecto-
ries are primarily a consequence of energetic and con-
structive limitations in available actuators as, for
example, voltage and current limits in electric drives,
leading to velocity and acceleration bounds on control-
led output variables. In many applications, variable
bounds (task-dependent) have to be imposed on time
derivatives of each trajectory to get the speci"ed perfor-
mance, see for example Leonhard (1985), and Rossi and
Tonielli (1992,1994).

In robotics, the problem of smooth generation of posi-
tion trajectories is usually solved by computing optimal
pro"les, see Brady (1982). O!-line optimisation routines

are used and some a priori information on the desired
trajectory is required. Dynamic saturations induced by
bounded velocities or accelerations are, as a conse-
quence, handled by constraining the optimisation prob-
lem. If the desired trajectory changes, the tracking pro"le
are also to be changed and optimisation routines run
again.

A di!erent approach is proposed in this paper. Al-
though mainly motivated by the aim of designing a sys-
tem which on-line generates task-dependent trajectories
in position tracking control problems, the proposed sys-
tem can be easily adopted in tracking problems of other
state variables. Smooth trajectories are generated at the
output of a state-variable "lter controlled by a nonlinear
feedback dynamic controller, designed so that the "lter
output tracks `at besta an external reference without
exceeding (on-line) user-selectable bounds on output de-
rivatives. In position control problems `tracking at besta
means, for example, that a position step reference is
transformed into a smooth signal which tracks the step in
the smallest time achievable with velocities and acceler-
ations compatible with the task and without overshoot.
The basic idea was "rst proposed in Guarino Lo Bianco,
Tonielli and Zanasi (1996), where the basic features were
described. An improved version of the trajectory
smoother for the continuous-time case was presented in
Zanasi, Guarino Lo Bianco and Tonielli (1998). In this
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Fig. 1. Nonlinear trajectory smoother (TS).

paper, after a quick review of the previous results, the
optimal design of the trajectory smoother for the dis-
crete-time design is given. Comparable performances are
obtained by the continuous and discrete-time designs.

The design of the trajectory smoother is mainly based
on variable structure (VS) control techniques, see Utkin
(1977). With a proper choice of a sliding surface and
a boundary layer, it is possible to guarantee good perfor-
mances both in transient and in "nal steady-state condi-
tions. The second-order "lter is considered in this paper,
corresponding to dynamic limitations on "rst and second
derivatives. Extensions to higher-order cases are under
study. The kernel of the trajectory smoother is built
around a nonlinear state-variable "lter; this ensures that
bounded "rst and second output derivatives are available
to generate feedforward control actions.

The paper is organised as follows. In Section 2, the
Problem is stated. In Section 3 the optimal structure of
the trajectory smoother for the continuous-time case
is given: the dynamic behaviour and the stability are
studied in the case of time-varying reference signals.
The continuous-time case described in this section must
be considered as a motivation and inspiration for the
discrete-time controllers presented in the following
Section 4, where the design of the trajectory smoother for
the discrete-time case is considered: the optimal structure
is given and its main characteristics are tested in simula-
tion. In Section 5, simulations concerning a practical
application example are reported: the trajectory
smoother is used in the control system of the angular
position of a DC motor driving a mechanical tool along
an assembly line.

2. Problem statement

Let us consider the feedback system shown in Fig. 1
composed by the cascade of n integrators, where r(t) is the
input, x(t) is the output and x(i) (for i"1,2, n) denotes
the ith time derivative of the output. The scope of the
paper is to design the nonlinear controller such that the
output x(t) tracks the reference signal r(t) while limiting
the time derivatives x(i) to given (variable) values:
Dx(i)D(x(i)

M
.

The problem has a solution only if the time derivatives
of the reference signal are `almost alwaysa bounded as,
for example, when tracking steps, square waves, saw-
tooth, etc. This implies some consequences:

1. perfect tracking is achievable only when the deriva-
tives of the reference signal are smaller than the max-
imum admissible output derivatives: Dr(i)D(x(i)

M
;

2. if the derivatives of the reference signal are larger than
the maximum admissible output derivatives, perfect
tracking is not achievable. According to the problem
position this condition cannot last for an in"nite time.

As soon as reference derivatives return within the
admissible limits, the tracking can be achieved again.

By adding a linear state-feedback controller to the
cascade of integrators a linear state-variables "lter is
obtained. If the bandwidth of the closed-loop system is
su$ciently larger than that of the reference signal, the
system output tracks the reference and its derivatives.
State-variable "lters are often used to reconstruct deriva-
tives of noisy signals. The saturation of the state variables
of a linear state-variables "lter does not solve the stated
problem, owing to the linear characteristic of the state-
feedback controller. A nonlinear controller must be de-
signed. A variable structure controller is adopted to solve
the following control problem.

Control Problem (CP). Design a nonlinear state-variables
xlter whose output x(t) tracks `at besta the reference signal
r(t) and its derivatives with the following specixcations:

(S1) when a smooth reference is applied (derivatives small-
er than the bound values), the tracking condition
x(t)"r(t) is ensured ∀t't

0
;

(S2) when a discontinuous reference trajectory or a non-
smooth reference (derivatives larger than the bound
values) is applied, the tracking is lost. As soon as the
smooth reference is re-established, the tracking must
be achieved again in `minimum timea and without
overshoot;

(S3) output derivatives must be bounded; the bounds are
time variable and they can also change during track-
ing transients:

Dx(i)D(x(i)
M

(i"1,2, n) (1)

(S4) bounded output derivatives are available as addi-
tional outputs.

The second-order "lter design is considered in this paper
for both the continuous-time and the discrete-time design
of position tracking system. Higher-order "lter design is
under investigation. The following notations are used.
The "lter variables are denoted as x, x5 , xK , where x5 "x(1)

and xK"x(2). For simplicity and without loss of general-
ity, bounds on the output derivatives are assumed to be
symmetrical, namely Dx5 D(x5

M
for the speed bound and

DxK D(xK
M
"; for the acceleration bound.
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Fig. 3. System trajectories when controller C1 is used: y position error;
y5 velocity error; y5

M
and y5

m
are the upper and lower bounds for the

velocity error.

Fig. 2. Nonlinear trajectory smoother for the continuous-time case:
r reference signal, x output position, x5 velocity, xK acceleration.

In the following development the "rst derivative of the
reference signal is assumed to be known. Although this
condition ensures some properties when tracking high-
order reference signals (ramp, parabolas, etc.) it is not
strictly required to track steps or square waves signals.

3. Continuous-time case

The continuous-time development of the controller is
original, although it follows from well-known theoretical
results from optimal control, see Lewis (1986), and sliding
mode control, see Utkin (1977). The continuous-time
case is reported here because its development was the
motivation and the inspiration for the design of the
discrete version which represents the main contribution
of the paper. The structure of the trajectory smoother
(TS) for the continuous-time second-order case, is shown
in Fig. 2.

A "rst choice for controller C is the following.

Controller 1. The control signal u(t) is chosen as follows:

C1: u"!; sgn p
1#sgn(x5 sgnp#x5

M
)

2
, (2)

p"y#
Dy5 Dy5
2;

, (3)

where y"x!r is the tracking error, y5 "x5 !r5 is the
velocity error, r5 is the continuous-time derivative of the
reference signal r, sgn( ) )"$1 is the sign function and
p"0 is the adopted sliding mode surface.

Result 1. Controller C1 solves the Control Problem.

Proof. The system trajectories in the phase plane (y, y5 )
are shown in Fig. 3. The sliding mode surface p"0
is composed of two parabolas, p

1
and p

2
. Lines

y5
M
"x5

M
!r5 and y5

m
"!x5

M
!r5 correspond to upper

and lower bounds for velocity y5 . Note that, since
y5 "x5 !r5 , the following correspondence holds:

Dx5 D4x5
M

% y5
m
4y5 4y5

M
. (4)

Parabolas p
1
, p

2
and lines y5

M
, y5

m
divide the phase plane

(y, y5 ) into four regions: R
1
, R

2
, R

3
and R

4
(see Fig. 3).

Only two di!erent types of trajectories are present in the

system: straight lines in regions R
1

and R
2

and parabolas
in regions R

3
and R

4
.

Let y"(y, y5 ) denote the state of the system in the
phase plane. Since x5 "y5 #r5 , from (4) and (2) it follows
that the term

1#sgn(x5 sgnp#x5
M

)

2
"G

0 if y3R
1
, y3R

2
,

1 if y3R
3
, y3R

4

(5)

in expression (2), forces u"0 when state y belongs to
regions R

1
and R

2
. The velocity bound Dx5 D4x5

M
is surely

satis"ed during normal system operation, while it is satis-
"ed after a "nite time if the initial condition y5 (0) belongs
to regions R

1
or R

2
. The control signal u(t)"xK can

assume only three di!erent constant values: (1) u(t)"0
when y3R

1
and y3R

2
; (2) u(t)"!; when y3R

3
;

(3) u(t)"; when y3R
4
. In regions R

3
and R

4
the

system trajectories are parabolas

y(t)!
y5 2(t)
2u

0

"y
0
!

y5 2
0

2u
0

, (6)

where u
0
"$; is the input and (y

0
, y5

0
) is the initial

condition. From Fig. 3 it is evident that the controlled
system is globally stable: all system trajectories reach the
sliding surface p"0 in a "nite time. Then the state
y moves along this surface until it reaches the desired
"nal position y(t)"0,Px(t)"r(t). This condition is
reached in `minimum-timea, without overshoot, with
bounded velocity and bounded acceleration. Moreover,
it is clear that the parameters x5

M
and ; can be freely

changed during system operation without in#uencing the
system stability. Result 1 is proved. h

A drawback of controller C1 is the presence of an
`ideal sliding modea: when the state y reaches the sliding
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Fig. 4. System trajectories when controller C2 is used.

mode surface p"0, the control signal u(t) starts switch-
ing at in"nite frequency between the two values $;, see
Eq. (2). At each instant, the `mean value' of this switching
at in"nite frequency is equal to the equivalent control
u
%2

(t), i.e. the control needed to keep the state on the
sliding mode surface. This `ideal sliding modea cannot be
generated by a real physical system. In fact, all actual
implementations of the control law (2) always lead to
chattering in the output, because of their `"nitea switch-
ing frequency. The chattering can be reduced by intro-
ducing a boundary layer around the sliding surface. This
can be done by substituting in (2) the sign function sgn( ) )
with a saturation function sat( ) ). Nevertheless, this solu-
tion does not guarantee for the absence of overshoot and,
moreover, a long settling time is expected in the neigh-
bourhood of the "nal position, owing to the very small
damping coe$cient of the control law. To cope with
these problems, the following controller is proposed.

Controller 2. The control signal u(t) is chosen as
follows:

C2: u"!; sat(jp)
1#sgn(x5 sgnp#x5

M
)

2
, (7)

p"y#
maxMDy5 D, kNy5

2;
#

3

2j
satA

y5
kB, (8)

where k"J;/j, y"x!r is the tracking error,
y5 "x5 !r5 is the velocity error and r5 is the continuous-time
derivative of the reference signal r.

The two main di!erences between controllers C1 and
C2 are:

(1) in (7) the sign function sgn(p) has been replaced
by the saturation function sat(jp)"Mjp if
DjpD41; sgn(jp) if DjpD'1N, that is, a boundary layer
has been introduced in the vicinity of sliding surface
p"0;

(2) the sliding mode variable p de"ned in (8) has been
properly modi"ed in order to guarantee the absence
of overshoot.

Result 2 (Main result for the continuous-time
case). Controller C2 solves the Control Problem in the
minimum time compatible with the presence of the boundary
layer. In the neighbourhood of the tracking condition
x(t)"r(t), the dynamics of the system is exponentially
stable with real and coincident eigenvalues: s

1,2
"

!J;j. Moreover, it behaves as a type 2 system, i.e.:

(1) If the reference signal is a ramp (r"r
0
t), the steady-

state tracking error is zero.
(2) If the reference signal is a parabola (r"at2), the

steady-state tracking error is constant.

Proof. The system dynamics is analysed in the following
two cases: (1) behaviour in large; (2) behaviour in the
vicinity of the "nal position.

(1) Behaviour `in largea. The system trajectories are
shown in Fig. 4. The sliding mode surface p"0, i.e. the
dotted curve S in the centre of the boundary layer, is
composed by two parabolas and one segment. This par-
ticular shape has been chosen to avoid overshoot during
transients. The system state y belongs to the boundary
layer if DjpD(1. The amplitude of the boundary layer is
b"2/j, completely determined by j. When jPR, the
amplitude bP0, kP0, the boundary layer tends to
disappear and controller C2 tends to C1. The boundary
layer is delimited by the parabolas p

1
, p

2
, p

3
, p

4
and the

two segments A}D and B}C (see Fig. 4). In contrast to
other boundaries, parabolas p

2
and p

4
are `real system

trajectoriesa and therefore they cannot be crossed by any
other trajectory.

Owing to this particular choice of the boundary layer,
it is evident that the system is globally stable `in largea.
In fact, when the system state y is outside the boundary
layer, the control signal u(t) assumes values (u"$;)
which surely force the state y towards the linear region.
Consequently, no matter the initial condition, all the
trajectories reach the boundary layer in a "nite time and,
then, they are forced to move towards the region de-
limited by the four points A, B, C, D. The boundedness of
the velocity during transients is guaranteed by the pres-
ence of term (5) in expression (7).

(2) Behaviour in the vicinity of the xnal position. Let
R

F
"M(y, y5 ) : Dy5 D4k, DjpD41N denote the region of the

phase plane delimited by the four points A, B, C and D.
When the state y3R

F
, the control law (7) and (8) is linear

and the system dynamics is described by the following
di!erential equation:

yK#2J;jy5 #;jy"!rK , (9)
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Fig. 5. Simulation results obtained when controller C2 is used: (a)
position x(t) and reference signal r(t); (b) velocity x5 (t); (c) acceleration
u(t); (d) trajectory (x,x5 ) in the phase plane; (e) trajectory (y, y5 ) of the
tracking error; (f) detail in the vicinity of the origin.

where y"x!r, y5 "x5 !r5 and yK"xK!rK are the track-
ing error and its "rst- and second-order time derivatives,
respectively. The eigenvalues of Eq. (9) are real and

coincident: s
1,2

"!J;j. The settling time of the
system decreases when j increases. The eigenvector

< : y5 "!J;y corresponding to eigenvalues s
1,2

is
shown in Fig. 4 as the dash}dotted line <. It crosses the
boundary of region R

F
in correspondence of the two

points B and D where it is also `tangenta to the two
parabolas p

2
and p

4
. These two parabolas and the eigen-

vector < are real system trajectories and therefore they
cannot be crossed by other trajectories. No overshoot is
allowed in the system, and the "nal position r is reached
in the minimum time compatible with the presence of the
boundary layer. Moreover, from (9) it follows that:

(1) if the reference signal is a step r"c
0

or a ramp
r"r

0
t, the acceleration and the steady-state track-

ing error are zero: rK"0 and lim
t?=

y(t)"0;
(2) if the reference signal is a parabola r(t)"at2, the

acceleration and the steady-state tracking error are
constant: rK"a, lim

t?=
y(t)"!a/(j;). Since

DaD(;, the tracking error is always smaller than the
amplitude of the boundary layer Dlim

t?=
y(t)

D(1/j. h

Simulation results obtained with controller C2 are
shown in Fig. 5. The saw tooth reference signal
r(t)"2.5#3[t!Int(t)] is considered, where Int( ) ) is the
integer-part function. The simulation parameters are:
;"50, j"200, x5

M
"10 and zero initial conditions. To

test performance with time-variable bounds, at time t"2
the maximum allowed acceleration has been changed to
;"100. The reference r(t), the position x(t), the velocity
x5 (t) and the acceleration u(t) are reported in Fig. 5a}c.
The trajectory (x, x5 ) in the phase plane is reported in Fig.
5d. The trajectory of the tracking error in the phase plane
(y, y5 ) is reported in Fig. 5e. A detail in the vicinity of the
origin is shown in Fig. 5f.

From these "gures it is evident that perfect tracking is
obtained without overshoot and without exceeding the
velocity and acceleration constraints. The maximum
acceleration is maintained during almost all the transi-
ents assuring the fastest possible dynamic response com-
patible with the imposed constraints and with the
presence of the boundary layer. The global behaviour is
quite satisfactory.

4. Discrete-time case

The trajectory smoother presented in the previous
section guarantees the absence of overshoot only if con-
troller C is implemented as a `continuous-timea system.
Direct discretisation of controller C2 does not ensure
that the system trajectories remain within the boundary

layer during the transient, and overshoot may arise in the
system. For example, if the previous simulation of
Fig. 5 is repeated computing controller C2 only at the
sampling instants t"n¹ with ¹"0.005 s, the results
shown in Fig. 6 are obtained. The tracking error traject-
ory (y,y5 ) is reported in Fig. 6a; a detail in the vicinity of
the origin is shown in Fig. 6b. These "gures clearly show
the presence of a large undesired overshoot on the output
trajectory generated by the controller `discretisationa.
To overcome this problem the trajectory smoother must
be `re-designeda as `discrete-time systema. The proposed
structure for the discrete-time trajectory smoother is
shown in Fig. 7. This structure is a `modi"eda discrete-
time version of the continuous-time scheme of Fig. 2.
Sampled variables are denoted by the same name as that
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Fig. 6. Trajectories when a discretised version of controller C2 is used:
(a) trajectory (y, y5 ) of the tracking error; (b) detail in the vicinity of the
origin.

Fig. 7. Trajectory smoother in the discrete-time case.

Fig. 8. System trajectories when controller C3 is used.

of the correspondent analogue ones, i.e. r(t)Pr
n
,

x(t)Px
n
, etc.

Remark. The two discrete-time integrators of Fig. 7 have
`di!erenta structures. This choice has been made in order
to guarantee the discrete-time smoother the same dy-
namic behaviour as that of the continuous-time one
when the acceleration u

n
is constant. For the discrete-

time case, the following controller is proposed.

Controller 3. The control signal u
n

is chosen as follows:

C3: u
n
"!; sat(p

n
)
1# sgn(x5

n
sgnp

n
#x5

M
!¹;)

2
,

(10)

p
n
"z5

n
#

z
n

m
#

(m!1)

2
sgn(z

n
), (11)

m"IntC
1#J1#8Dz

n
D

2 D, (12)

z
n
"

1

¹;A
y
n
¹

#

y5
n
2 B, z5

n
"

y5
n

¹;
, (13)

where y
n
"x

n
!r

n
is the tracking error, y5

n
"x5

n
!r5

n
is

the velocity error, r5
n

is the discrete-time derivative of signal
r
n

computed as follows:

r5
n
"

2

¹

(r
n
!r

n~1
)!r5

n~1
(14)

and ¹ is the sampling period of the controller. Signal r
n

is
supposed to be known, and its discrete-time derivative r5

n
is

supposed to be piece-wise constant.

Proof. The state-space dynamic model of the trajectory
smoother of Fig. 7 when Eq. (14) holds, is the following:

C
y
n`1

y5
n`1
D"C

1 ¹

0 1DC
y
n

y5
n
D#C

T
2

2
¹Dun . (15)

When controller C3 is used, the system trajectories in the
phase plane (y

n
, y5

n
) are shown in Fig. 8. When state-space

transformation (13) is considered, system (15) transforms
as follows:

C
z
n`1

z5
n`1
D"C

1 1

0 1DC
z
n

z5
n
D#C

1
U
1
U
Dun . (16)

From Eqs. (10)}(13), it is evident that the control signal
u
n

is not saturated (Du
n
D(;) only if the system state

z"(z
n
, z5

n
) belongs to the boundary layer Dp

n
D(1. The

shape of the boundary layer, when controller C3 is used,
is shown in Fig. 9. Without loss of generality, in the
following only the case z

n
(0 is considered. The bound-

ary layer is delimited by the following points:

A
m
"A!

m(m!1)

2
,mB, B

m
"A!

m(m!1)

2
, m!2B,

where m3M1,2,2N. Let S
m

denote the vertical stripe of
the phase plane contained between points A

m
and

A
m`1

(m3M1,2,2N):

S
m
"Gzn :

m(m!1)

2
4Dz

n
D(

m(m#1)

2 H. (17)

Given any state z
n
, from (17) it follows that the index m of

the corresponding stripe S
m

satis"es the inequalities

!1#J1#8Dz
n
D

2
(m4

1#J1#8Dz
n
D

2
. (18)
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Fig. 9. Boundary layer when controller C3 is used: A
1
0 is the eigenvec-

tor; when p
n
"1 we have A4

3
PA3

2
PA2

1
PA1

0
P0.

Fig. 10. Simulation results obtained when controller C2 is used:
(a) position x(t) and reference signal r(t); (b) velocity x5 (t); (c) acceler-
ation u(t); (d) trajectory (x,x5 ) in the phase plane; (e) trajectory (y, y5 ) of
the tracking error; (f ) detail in the vicinity of the origin.

Only one integer value m is contained within the interval
(18). This value m can be evaluated by means of relation
(12). Let R

m
denote the region of the phase plane

contained within stripe S
m

and delimited by points
A

m
, A

m`1
, B

m`1
and B

m
, see Fig. 9. Region R

m
is de"ned

as follows:

R
m
"Mz

n
N: G

z
n
"mC

2a#m!1

2
!z5

nD,
z5
n
3[m#a!1,m#a[,

a3[!1, 1]

(19)

Let Am`1
m

denote the set of points z
n

which belong to

segment A
m
A

m`1
. The de"nition of set Am`1

m
is obtained

from (19) when a"1:

Am`1
m

"Mz
n
N : G

z
n
"mC

m#1

2
!z5

nD,
z5
n
3[m, m#1[.

(20)

When z
n
3R

m
, the control signal u

n
is

u
n
"!;Cz5 n#

z
n

m
!

m!1

2 D. (21)

Applying control (21) to (16), the system evolves as fol-
lows:

C
z
n`1

z5
n`1
D"C

m!1

!1 D
z
n

m
#C

1

1D
m!1

2
. (22)

Remark. State z
n`1

depends only on the value of z
n
,

whatever the value of z5
n
. By substituting (19) in (22), one

directly obtains that for any starting point z
n
3R

m
, the

point z
n`1

belongs to the segment

Am
m~1

"Mz
n`1

N : G
z
n`1

"(m!1)C
m

2
!z5

n`1D,
z5
n`1

3[m!1, m[.
(23)

Region R
m

is mapped into segment Am
m~1

by means of the
control law (21). During the next sampling period ¹, the
control law (21) maps segment Am

m~1
(23) into segment

Am~1
m~2

, and so on. It can be easily shown that the follow-
ing sequence is obtained:

R
m
PAm

m~1
PAm~1

m~2
P2PA1

0
P0.

It is interesting to observe that all the points which
belong to segment A1

0
(i.e. m"1) are exactly mapped into

the origin. The system state z
n

reaches the origin in
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Fig. 11. Simulation results obtained when controller C2 is used: (a)
tracking error y

n
; (b) tracking error, detail; (c) parameter p

n
; (d) para-

meter p
n
, detail.

Fig. 12. A drill moving parallel to an assembly line.

a "nite number of sampling periods ¹. The "nal steady-
state condition z

n
"0 is reached in minimum time, with-

out overshoot and with a `dead-beata dynamics. Clearly,
C3 is the `optimala controller which solves the Control
Problem. h

The simulation results obtained by using controller C3
in the same conditions as those of the continuous-time
case (Fig. 5), are reported in Figs. 10 and 11. Owing to
the `dead-beata behaviour of the controlled system, the
origin is reached in `minimum timea. As a result,
the drawback of a slow "nal approach, typical of the
continuous-time case, is completely avoided.

The time behaviour of the tracking error y
n

and of
parameter p

n
is reported in Fig. 11a and c. Details of the

same variables are shown in Fig. 11b and d. These details
de"nitely show that the tracking dynamics of the system
is of dead-beat type.

5. Simulation example

Let us consider the servo system of Fig. 12: an electric
DC motor is used to control the horizontal position of
a drill that moves parallel to an assembly line. The tool
must track exactly the position r of the approaching
object, perform the prescribed manipulation and go back
to track the next object. Motor torque q

n
and motor

angular velocity u are bounded as: Dq
n
D4q

M
, DuD4u

M
.

The control scheme is shown in Fig. 13. It is composed
by the `Motora, the trajectory smoother `TSa, the feed-
forward action `FFa and the linear controller `LRa.

Only the mechanical equations of the motor have been
considered: J and b represent the inertia and the linear
friction coe$cients of the overall plant (motor#tool).
Variables r

n
, x

n
and h

n
denote, respectively, the desired

angular position, the generated trajectory and the sam-
pled angular position of the motor; e

n
"x

n
!h

n
and

e5
n
"x5

n
!u

n
are the position and velocity errors with

respect to the smooth reference signals x
n
and x5

n
. Torque

q
n

used to control the system is expressed as

q
n
"K

p
e
n
#K

v
e5
nhggiggj

LR

# JxK
n
#bx5

nhgigj
FF

. (24)

The controller is composed by the linear feed-back con-
trol LR and the feed-forward control FF. The FF control
directly uses output derivatives from the trajectory
smoother. It is easy to verify that with a proper choice
of the design parameters K

p
and K

v
it is possible to

impose arbitrarily the system dynamics: when
K

p
"(b#Kl)2/4J the two poles of the system are real

and coincident.
The simulation results reported in Fig. 14 have

been obtained by using the parameters (MKS units):
b"0.02, J"0.3, K

v
"40, ;"q

M
/J"50, K

p
"1334,

¹"0.005, x5
M
"100, r

n
"2.5#3[n¹!Int(n¹)],

r5
n
"3 and zero initial conditions. The set point r

n
and

the discrete trajectory smoother used for this simulation
are exactly the same as those used in the simulation of
Fig. 10: the time behaviours of signals x

n
, x5

n
and xK

n
are

shown in Fig. 10a}c. The maximum allowed torque
q
M

has been changed on-line during the simulation: at
instant t"2 its value switches from q

M
"12 to 30. Posi-

tion and velocity errors e
n
, e5

n
and control torque q

n
are

shown in Fig. 14. Position and velocity errors are very
small. Control action q

n
is mainly held by the feed-

forward action: q
n
KJxK

n
. The system transients are well

damped.
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Fig. 13. Position control of a DC motor: block diagram used in simulation.

Fig. 14. Position control of a DC motor. Simulation results: (a) posi-
tion error e

n
; (b) velocity error e5

n
; (c) input torque q

n
.

6. Conclusions

It has been shown that using VSC techniques it is
possible to design a nonlinear trajectory smoother whose
state variables can be freely changed even during system
operation. Near `time-optimala response is ensured with-
out overshoot. Bounded state-variables are available to
implement feed-forward compensations. An application
example has been reported to show system performance.
The presented solution is limited to second-order "lter.
The generalisation to the higher dimensional case, when
constraints are given also on the third derivative, and to
multiple synchronised "lters, is under development.
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